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FORMATION OF AN ENSEMBLE OF TIME SERIES SEGMENTS

Purpose. Development of a criterion for testing the homogeneity of timeseries segments that are sequentially com-
bined into an ensemble of segments, which constitutes a prerequisite for obtaining statistically significant estimates of 
the series.

Methodology. The study is based on probabilistic analysis and statistical modelling. A substantial part of the re-
search is devoted to demonstrating the adequacy of the proposed criterion, including its comparison with a wellknown 
criterion and advantages over it.

Findings. It is shown that when the proposed criterion is applied to assess the homogeneity of an ensemble with a 
fixed number of segments, it yields results close to those of the well-known Zhang criterion. The advantages of the 
proposed criterion become evident during the sequential assessment of the possibility of adding segments to the en-
semble. In this case, the number of “lost” segments can be reduced several-fold. The scope of the criterion is limited 
by the fairly wide ranges of parameters that were used in statistical modelling.

Originality. A new criterion for forming an ensemble of homogeneous timeseries segments is developed. The cri-
terion does not require statistical modelling to determine the distribution functions of the test statistic when varying 
the number of samples in the segments or the number of segments in the ensemble.

Practical value. The use of the proposed criterion can ensure a significant increase in the statistical reliability of 
estimates of the state of a process represented as a uniformly sampled time series.
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Introduction. In nearly all areas of human activity 
and society, there exist phenomena that naturally and 
necessarily require investigation in their development 
over time. Financial analytics, sociology, monitoring 
and diagnostics of technical systems, climatology, ecol-
ogy, medicine, robotics, and many other fields rely on 
sequences of values (samples) obtained at increasing, 
equally spaced points in time. Such sequences are re-
ferred to as time series or discrete signals; when empha-
sizing the random nature of the values, they are also 
called discrete random processes.

Methods for analyzing time series are largely deter-
mined by their sources of origin. For example, in many 
cases it is impossible to fully reproduce the conditions 
necessary for obtaining repeated measurements. That is, 
only a single series (one realization of a random process) 
is available. It is also important whether the entire series 
is accessible for analysis at once, or whether the data are 
received sequentially in the so-called “online” mode.

The study of time series typically aims at achieving at 
least one of the following objectives: assessing the cur-
rent state of the process, detecting typical and/or anom-

alous events, and forecasting the process. The priority 
objective determines the choice of research methods.

The scope of research considered in this article is de-
fined as follows. A single sufficiently long time series is 
available. The series has been detrended and its seasonal 
component removed. The task is to estimate the state or 
states of the process while disregarding short-term ran-
dom influences. For example, such a series may originate 
from acoustic signals of industrial or natural origin, elec-
tromagnetic oscillations of specific devices, variations in 
informational or social indicators, and similar sources. 
The goal of the analysis is to obtain characteristics of the 
state of the corresponding systems, leaving the investiga-
tion of possible short-term excitations for subsequent 
research. Decisions made on the basis of such observa-
tions should be based on statistically reliable estimates. 
Obtaining such estimates is not a trivial procedure.

According to a fundamental principle of mathemati-
cal statistics, assessing the statistical significance of any 
characteristic requires independent repeated samples 
drawn from the same distribution. Real processes, how-
ever, often consist of fundamentally different stages. The 
presence of such stages is determined by changes in the 
state of the source or by external influences. This neces-
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sitates dividing the data into separate segments of con-
secutive samples and analyzing the feasibility of using 
these segments to compute statistically reliable estimates.

Segmentation may also be performed without the in-
tention of computing statistical estimates. For instance, 
segmentation makes it possible to detect deviations from 
the overall trend, anomalous outliers, missing data, and 
other regime changes that cannot be identified through 
global analysis. In machine learning, dividing data into 
training and test segments is a prerequisite for verifying 
a model’s learning capability, identifying regions with 
different forecast quality, and tuning algorithm param-
eters to local features. With large datasets, segmentation 
enables parallel processing and simplifies data storage 
and transmission in distributed systems.

Segmentation can be performed in various ways de-
pending on its objectives. However, in all cases, statisti-
cally significant characteristics (estimates) are derived 
from multiple segments. This set of segments (the en-
semble of segments) must possess identical probabilistic 
properties; otherwise, the statistical significance of the 
estimates may be negligible.

When regime changes occur, the same process with 
identical parameters may appear in different portions of 
the series that do not share common boundaries. Com-
bining such corresponding segments can obviously also 
improve the statistical significance of the estimates. It is 
only necessary to make sure that the segments belong to 
the same process.

The problem lies in constructing a criterion for com-
bining segments into an ensemble with similar probabi-
listic properties. The criterion must also verify whether 
an individual segment can be included in an already ex-
isting ensemble of segments.

Literature review. The formation of ensembles of 
segments with similar probabilistic properties is an in-
herent task in classification, clustering, outlier and miss-
ing‑data detection, and the identification of switching 
points.

In recent years, the use of Machine Learning (ML) 
methods has expanded rapidly. The application of these 
methods to time series largely relies on ideas developed 
in image recognition [1, 2] and natural language pro-
cessing [3]. The significant achievements in these fields 
have motivated the concentration of time‑series re-
search in combination with ML methods [4].

Three unsupervised ML tasks are most closely relat-
ed to the topic of this article:

- identification of the samples that divide the series 
into non‑overlapping segments with similar properties 
in a given sense – Change Point Detection (CPD);

- grouping segments based on the similarity of ex-
tracted characteristics – Segment Clustering (SC);

- determination of the system state – State Detection 
(SD).

ML includes a number of methods characteristic of 
this paradigm. For example, optimal clustering methods 
[5], density‑based clustering algorithms [6], 
change‑point detection algorithms employing decision 
trees, artificial neural networks, and Bayesian networks 
[7, 8], as well as generative learning models for segmen-
tation and anomaly detection [9]. The cited reviews 
summarize results obtained in recent years through the 
application of these approaches.

One of the most widely used approaches to 
change‑point detection remains the cumulative sum 
methodology (Cumulative Sum, CUSUM) introduced 
by Page (1954) [10, 11]. The cumulative sum accumu-
lates deviations from a target value and identifies a 
change point once the sum exceeds a specified threshold. 
The popularity of CUSUM is due to its high computa-
tional efficiency, achieved through the recursive imple-
mentation of the cumulative‑sum statistic. The statistical 
approach to change‑point detection within the CUSUM 
framework is based on comparing probability distribu-
tions of samples: the logarithm of the likelihood ratio of 
two consecutive intervals separated by a potential change 
point is monitored [12]. Options for selecting an optimal 
sliding window are examined in [13].

The method continues to be developed, for example 
in [14, 15], but it has a fundamental limitation: it as-
sumes that the probability distributions of the samples 
both before and after the change point are known. This 
assumption is precisely what enables the construction of 
efficient recursive computations.

A more general situation arises when the distribution 
after the change point is unknown. In this case, it is 
more appropriate to use the Generalized Likelihood 
Ratio (GLR) method (Siegmund & Venkatraman, 
1995), which includes estimating the previously un-
known parameters of the distribution after the change 
point. However, as in the case of CUSUM, the form of 
the distribution must still be specified in advance [16]. 
Moreover, the ability to compute the statistic recursively 
is completely lost, leading to a substantial decline in 
computational efficiency [17].

In studies [18, 19], regime changes are identified 
through variations in the logarithmic likelihood. The 
change detector is based on the Kullback–Leibler statis-
tic (Kullback & Leibler, 1951). A detector output that 
exceeds a predefined threshold is interpreted as a regime 
change at the boundary between two segments. It is im-
portant to note that the accuracy of change‑point meth-
ods deteriorates significantly in the presence of noise in 
the data [20].

The time‑series segmentation method proposed in 
[21] (the ClaSP method – Classification Score Profile) 
is built upon the concept of self‑supervision [22]. 
A change point is identified by training a binary k-near-
est‑neighbors classifier for each possible split point. The 
preferred split is the one that best distinguishes subse-
quences belonging to one of the two parts. The authors 
claim that a substantial advantage of the method lies in 
its domain independence, meaning that the method 
does not require the involvement of domain experts to 
specify hyperparameters. One such hyperparameter, 
which greatly influences performance and determines 
the size of the initial segments, is the window size. In the 
ClaSP method, the window size is set to the smallest 
window for which the aggregated window statistic best 
matches the statistic of the entire series.

Clearly, this approach is not flawless – it is easy to 
construct a synthetic series containing a relatively short 
interval with markedly different statistical properties. In 
such a case, segments constructed based on statistical 
similarity to the entire series may “overlook” the inter-
val with significantly different characteristics. Demon-
strating the method, even on a sufficiently large number 
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of examples, cannot be considered proof of its reliable 
applicability to time series of arbitrary origin.

ML methods make it possible to automatically de-
tect hidden structures in complex, high‑dimensional, 
and heterogeneous large‑scale data. The capabilities of 
ML methods continue to grow. However, they have sev-
eral systemic limitations and drawbacks that are often 
highlighted in the literature. Models may fit the training 
data too closely, losing their ability to generalize to new 
data (overfitting) [23, 24]. ML methods are sensitive to 
data quality (noise, missing values) [25, 26]. Complex 
models operate as a “black box,” and even when pro-
ducing highly accurate results, the inability to explain 
these results restricts their applicability [27, 28]. There 
are no universal rules for selecting the appropriate mod-
el or hyperparameter values, which results in domain 
dependence of the models.

Segmentation is an intermediate stage of the learning 
process and, in many cases, is constructed according to 
the principle of adapting to the data. This leads to seg-
mentation drawbacks in ML that correspond to the gen-
eral limitations of machine learning listed above.

Some ML problems can be addressed using classical 
statistical methods. Moreover, there are publications 
demonstrating that classical methods can provide higher 
accuracy [29, 30]. These methods are especially useful 
and effective when applied to time series with clearly ex-
pressed structure, ensuring statistical soundness and 
transparent interpretability of the estimates.

Classical methods include decomposition, station-
arity testing, stationarization (when necessary), autoco-
variance analysis, spectral analysis, and the construc-
tion of autoregressive and moving‑average models (AR, 
MA, ARMA) [31].

The use of the classical methods and the correct 
computation of time‑series characteristics are possible 
only if the observations follow a single probabilistic 
law – that is, if the process is stationary, at least in the 
wide sense. Therefore, testing the stationarity of the se-
ries is a necessary prerequisite for applying classical 
analysis methods.

To assess stationarity, the two most commonly used 
tests are the Augmented Dickey–Fuller test (ADF‑test) 
and the Kwiatkowski–Phillips–Schmidt–Shin test 
(KPSS‑test). Both tests are parametric and are based on 
the concept of a unit root in the characteristic equation 
of an autoregressive model of the series. Their joint ap-
plication is advantageous due to the opposite formula-
tions of the null (H0) and alternative (H1) hypotheses: 
ADF – H0: “the series has a unit root (the series is 
non‑stationary)”, H1: “the series does not have a unit 
root”; KPSS – H0: “the series is trend‑stationary”, H1: 
“the series has a unit root (the series is non‑stationary)”.

Each of the tests has its own drawbacks. However, 
there are shortcomings inherent to both tests: errors in 
cases of “nearly non‑stationary” series (root close to 1); 
dependence on window width and the number of lags; 
sensitivity to heteroskedasticity (non‑constant vari-
ance); and errors in the presence of structural breaks [4, 
32]. The latter two issues arise because both tests assume 
a constant process structure. If the series exhibits abrupt 
changes in level, trend, or variance, both tests typically 
indicate that the series is non‑stationary, even though it 
may actually be piecewise stationary. Pre‑segmenting 

the series and subsequently testing each segment indi-
vidually does not solve the problem. First, each segment 
may require different actions for stationarization (trend 
removal, differencing), and second, with short seg-
ments, the sampling distributions of the test statistics 
deviate substantially from their asymptotic forms, mak-
ing the critical values inaccurate [33].

Real‑world series, which are almost always non‑sta-
tionary, may be considered stationary over short or 
moderately long intervals only with a certain degree of 
confidence. Combining such intervals promises more 
reliable estimates. At the same time, the convenience of 
a stationary model often leads to its use even without 
sufficient justification. However, perfunctory uniting of 
data directly results in unacceptably wide confidence in-
tervals in the computed estimates.

When regime changes occur, a stationary process 
with identical parameters may appear in different por-
tions of the series that do not have common boundaries. 
Combining the corresponding segments can, evidently, 
improve the statistical significance of the estimates.

Purpose. To develop a criterion for assessing the ho-
mogeneity of time‑series segments during the sequential 
construction of a segment ensemble. Such a criterion 
enables the formation of an ensemble containing a suf-
ficient number of segments to ensure the required level 
of statistical reliability of the resulting estimates.

Methods. Since a discrete random process, or time 
series, is a set of ordered random variables, its most 
complete statistical description is given by the joint dis-
tribution function, which depends on a large (possibly 
infinite) number of arguments (twice the number of se-
ries elements). However, estimating such a function in 
the general case is not feasible.

The situation becomes significantly simpler if the as-
sumption of stationarity (or ergodicity when only a sin-
gle realization is available) is admissible. A wide‑sense 
stationary time series can be effectively described by its 
mean and autocovariance function, or by its spectral 
density function. Statistical identity of these character-
istics for any intervals of the series serves as evidence of 
wide‑sense stationarity. These functions reflect different 
but equivalent properties of the series. Under stationar-
ity, the value of the autocovariance function at zero lag, 
the integral of the spectral density from zero to the Ny-
quist frequency, and the variance must be identical for 
any intervals of a stationary series. In particular, this im-
plies that if segments belong to the same stationary pro-
cess, then their variances, as well as their means, must 
be equal.

In the further construction of the ensemble, we will 
require the homogeneity of the probability distributions 
of the sample values within the segments, which is a 
more general requirement than the equality of means 
and variances. Some clarifications are necessary here.

If two segments have completely identical distribution 
functions, then their means and variances (as well as all 
other existing moments) are equal. However, when we 
accept the statistical identity of the distribution functions 
of two segments, we only do not reject the hypothesis of 
their equality at a given significance level a. Therefore, in 
the general case, we can only state that, at the confidence 
level 1 - a, no grounds were found to distinguish the 
means and variances of the compared segments.
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The assessment of correlation characteristics is not 
considered in this study. However, it is assumed that 
such analysis must be conducted at the next stage ‒ after 
the ensemble has already been formed. The choice of 
methods depends on the objectives of the research. 
Classical methods include the construction of the auto-
covariance function, the power spectral density function 
(nonparametric methods), and regression models 
(parametric methods). The ensemble segments serve as 
the basis for calculating these functions and models.

The calculation of the autocovariance function or 
the power spectral density can be performed both for 
each segment individually and after the ensemble is fully 
arranged. In either case, the final form of the functions 
results from averaging. The variances and the confi-
dence intervals of the functions’ values may be regarded 
as indicators supporting the assumption of stationarity.

If the goal is to construct a process model, the model 
coefficients for the ensemble may be obtained by averaging 
the coefficients of models of identical orders fitted to each 
segment. Narrow confidence intervals for the coefficients 
may indicate the validity of the stationarity assumption.

Although no estimates of the time series are com-
puted at this stage, it is taken into account that the en-
semble of segments is being created specifically to obtain 
statistically reliable estimates.

Test statistic. We restrict our consideration to the 
case where each segment contains the same number of 
samples. Then the macro‑parameters of the procedure 
for forming the ensemble estimates are:

n – the number of samples in a segment;
k – the number of segments in the ensemble.
As n increases, the sample estimates reflect a greater 

number of data features. As k increases, the sample esti-
mates, according to the law of large numbers, approach 
their true values, and the confidence intervals become 
narrower.

Evidently, increasing both macro‑parameters is lim-
ited by the volume and properties of the data as well as 
by processing time.

The value of k may be initially set based on expert 
assessment of the properties of the series and taking into 
account the fact that increasing the number of segments 

reduces confidence intervals proportionally to 1 .
k

 

Subsequently, the value of k may be adjusted depending 
on the required accuracy.

The number n is determined by the type of estimated 
characteristics. For example, suppose the task is to esti-
mate the spectral characteristics of the series. Assume 
that the samples were obtained at a sampling frequen-
cy vd, and that the desired spectral bin width must not 
exceed Dn. Then the minimum number of samples in a 

segment can be set immediately as 
 n

= +  Dn 
1 .dn

This work is devoted to constructing a criterion that 
determines whether a segment of n samples can be in-
cluded in an ensemble of segments, each also containing 
n samples. In this setting, the hypothesis that all seg-
ments belong to the same parent population must re-
main acceptable at a specified significance level. Under 
such assumptions, the order of the samples within a seg-

ment is irrelevant, and each segment can be regarded as 
a selection of n independent realizations of a random 
variable.

Assuming that no prior information about the prop-
erties of the series is available, we will use nonparamet-
ric tests for comparing samples. The advantage of non-
parametric tests lies primarily in the fact that their form 
remains unchanged for any continuous non‑decreasing 
distribution of sample elements. This property arises be-
cause the test statistics are constructed not from the 
sample values =, 1, ,ix i n  but from the values of the dis-
tribution function F(xi), which, due to

	 - -< = < = =1 1( ( ) ) ( ( )) ( ( )) ,i iP F x x P x F x F F x x 	 (1)

are uniformly distributed for any continuous distribu-
tion of the sample elements. In the analysis of arbitrary 
data, especially when the underlying distribution devi-
ates from normality, this advantage becomes decisive.

The verification of the homogeneity of the segments 
is directly determined by the ensembleconstruction pro-
cedure. The following strategy for building the ensemble 
is possible.

The signal samples are sequentially grouped into 
segments containing the same predetermined number of 
samples (n). After forming a specified number of seg-
ments (k), the homogeneity of the entire collection of 
segments (the ensemble) is tested. The problem may be 
formulated as follows.

Test the validity of the null hypothesis

( ) ( )= =0 0: , 1, ,iH F x F x i k

against the alternative hypothesis

	 ( ) ( )∃ ∈ ⇒ ≠1 0: 1, ,jH j k F x F x 	 (2)

where Fi(x) is the distribution function of the ith sample; 
F0(x) is an arbitrary unknown distribution function.

A general approach to testing the homogeneity of the 
distribution functions of several samples is based on the 
use of twosample tests [34]. The test statistic measures 
the deviation of the empirical distribution functions of 
the samples from the empirical distribution function 
constructed from the entire collection of samples. That 
is, in formulation (2), the function F0(x) is taken to be the 
distribution function of the combined samples, and the 
statistic is computed using the corresponding empirical 
functions ( )e

iF x  and 0 ( ).eF x  As a result of comparing 
the statistic with its critical value, the hypothesis of ho-
mogeneity of the ensemble segments H0 either cannot be 
rejected and is therefore accepted, or must be rejected.

k – sample versions of the Kolmogorov-Smirnov 
and Anderson-Darling (W. J. Conover, 1999) tests, as 
well as Zhang’s tests (J. Zhang, 2006), are built upon a 
similar methodology. The critical values of their statis-
tics rely on asymptotic approximations with respect to 
sample size and, in most cases, are known only for cer-
tain values of the number of samples in the ensemble. 
For arbitrary values of n and k, determining the distribu-
tion of the test statistics requires statistical modelling.

If H0 is rejected, the homogeneity of the ensemble 
can be violated by only a single segment. For example, 
this may occur when a point anomaly (an outlier) is 
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superimposed on an otherwise stationary ergodic se-
ries. Even if the procedure used to compute the statis-
tic makes it possible to identify which particular seg-
ment violates homogeneity, after removing this “of-
fending” segment, one must again test the homogene-
ity of the remaining (k - 1) segments. For the updated 
ensemble, the homogeneity hypothesis may again be 
rejected, and once more, after removing the segment 
that breaks homogeneity, one must test the remaining 
(k - 2) segments. And so on. When the homogeneity 
hypothesis is finally accepted, the required statistical 
estimates are computed using the segments that re-
main in the ensemble.

Even if a reliable k – sample homogeneity test is 
available, the described procedure has the following 
drawbacks:

-	after removing a segment (or several segments) 
from the ensemble, the homogeneity of the same re-
maining segments must be tested again;

-	different ensembles derived from the same series, 
due to the removal of certain segments, will contain dif-
ferent numbers of segments. Consequently, the esti-
mates obtained from different ensembles will have dif-
ferent accuracy levels;

-	the number of segments remaining in the ensemble 
may be too small to obtain estimates with the desired 
confidence level.

It is natural to attempt to construct k-sample homo-
geneity tests based on known twosample tests. 
The hypothesis to be tested can be written as

( ) ( )= ∀ ∈0 : , , 1, ,i jH F x F x i j k

against the alternative hypothesis

( ) ( )
* *1 * *: , 1, : ,i jH i j k F x F x∃ ∈ ≠

and, accordingly, the statistic may be constructed by 
comparing the values of the twosample statistics for all 
possible pairs of samples.

Based on twosample tests, the statistic for a k-sam-
ple homogeneity test can be defined as

	 { }
≤ ≤

= ,1 ,
max ,k i ji j k

M S 	 (3)

where Si,j is the statistic of a twosample test computed 
for the ith and jth samples. The statistics Si,j are computed 
for all possible pairs of samples in the ensemble, and 

their total number is -
=2 ( 1).

2k
k kC

Any known statistics of two sample tests may be used 
as Si,j (A. I. Kobzar, 2006). In this study, the calculations 
were performed using the Smirnov test (Bolshev & 
Smirnov, 1983). We present the main relations em-
ployed in this case.

For an arbitrary sample q1, q2, …, qn, whose elements 
are ordered in increasing order, the empirical distribu-
tion function F e(x) is computed as

	 ( ) ( )
=

= -q∑
1

1 ,
n

e
i

i
F x H x

n
	 (4)

where ( )  <=  ≥

0, 0
1, 0

x
H x

x
 is the Heaviside function and x 

is a continuous variable.

The test statistic (the twosided twosample Smirnov 
statistic) is

	 = -1 2max ( ) ( ) ,e e
x

D F x F x 	 (5)

where 1 2( ), ( )e eF x F x  are the empirical distribution func-
tions of the two samples with the same number of ele-
ments n. The statistic is evaluated at the jump points of 
the empirical distribution function of the pooled sam-
ple. Asymptotically, the distribution of this statistic is 
described by the Kolmogorov function K(t)

	 ( ) ( )∞
-+

=

h ≤ = = - -∑
2

21

1
( ) 1 2 ( 1) ,jtj

j
P D t K t e 	 (6)

which makes it possible to compute the achieved signifi-
cance level

( )∞
-+

=

  
= -      

∑
2

21

1
min max 2 ( 1) ,0 ,1 .jtj

value
j

p e

The hypothesis that all samples originate from the 
same source is rejected if pvalue < a, where a is the speci-
fied significance level.

The quantity h in (6) was computed using Stephens’ 
formula (Stephens, M. A., 1970)

	 h = + +
0.110.5 0.12 .
0.5

n
n

	 (7)

Let us denote the corrected statistic by S = hD. Ac-
cordingly (6) in the asymptotics

P(S ≤ t) = K(t).

The statistic F e(x) can take only discrete values, in-

creasing in steps of 1 .
n

 Consequently, D, hD and the 
corrected statistic S are also discrete, and the values of S 
change in increments

 h ⋅
D = = + + ≈  

 

1 0.12 0.11 2 11 .
2 2

S
n nn n n n

This results in a steplike form of the distribution 
function graph of the statistic S. The lengths of the hori-
zontal segments are equal to DS (or multiples of DS for 
small n), while the lengths of the vertical segments mul-

tiples of 1 .
n

It is important that approximations (6) and (7) can 
be used satisfactorily when n > 50, and the approxima-

tion error decreases with increasing n as 1
n

 (Bolshev & 
Smirnov, 1983). In the following, we assume that the 
number of samples in the segments satisfies this condi-
tion. However, the steplike shape of the distribution 
function remains significant for all practically feasible 
values of n.

The difficulty in using the criterion based on the sta-
tistic Mk defined in (3) lies in the necessity of having the 
distribution function of this statistic.

Statistical modelling of the distribution function of the 
test statistic. As is well known, the methodology of sta-
tistical modelling is based on the Monte Carlo method. 
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The search for the distribution function of the statistic 
Mk was carried out as follows.

Multiple simulations of independent realizations of 
sequences of random variables (samples) with a specified 
distribution function were performed. Each realization 
consisted of nk samples. The samples were sequentially 
grouped into k samples (an ensemble). For each simu-
lated ensemble, the test statistic was calculated. Based on 
the values obtained from a large number of simulations 
(the number of simulations is denoted by N), the distri-
bution function of the statistic was constructed.

It is important to assess the accuracy of the distribu-
tion function obtained in this way and its dependence on 
the number of simulations.

Let us use the notion of an indicator function in the 
form

	 <

 ≤=  >

1, if
1 ,

0, ifs x
s x
s x

	 (8)

where s is a random variable; x is a parameter.
If S1, S2, …, SN are the N values of the statistic, each 

computed from the corresponding simulated ensembles, 
then an estimate of the distribution function of the sta-
tistic at the point x can be taken as

( ) <
=

= ∑
1

1 1 .
j

N

N S x
j

S x
N

Since the expectation and variance of the indicator 
function (8) are

E(1s ≤ x) = F(x);  D(1s ≤ x) = F(x)(1 - F(x)),

the expectation and variance of  ( )NS x  are

( )( ) ( ) ( )( ) ( )-
= =  ( ) 1 ( )

; .N N

F x F x
E S x F x D S x

N
For fixed x, according to the Central Limit Theorem, 

the distribution of ( )
NS x  is asymptotically normal, that 

is,

( ) ( )
( )

( ) ( )
( )

( )
- -

= ∼ Ν
- -

 
0,1 .

( ) 1 ( ) ( ) 1 ( )
N NS x F x S x F x

N
F x F x F x F x

N

Then

( ) ( )
( )

( )g g

 - Ρ < = - Φ = g 
-  


1 2 ,

( ) 1 ( )
NS x F x

N t t
F x F x

or

( ) ( ) ( )
g

 - Ρ - < = g 
  

 ( ) 1 ( )
,N

F x F x
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where ( )  
Φ = - 

π  
∫

2

0

1 exp
22

t zt dz  is the Laplace (stan-

dard normal CDF) function; g is the confidence level; tg 
is the quantile of the standard normal distribution cor-
responding to confidence level g; value ( )

NS x  may be 
used as the value of F(x) at the confidence level g, with 
absolute

( ) ( )
g

-
D = D g =

( ) 1 ( )
, , ,

F x F x
x N t

N
and relative

	 ( ) ( ) ( )
g

D g -
d = d g = =

, , 1 ( )
, ,

( ) ( )
x N F x

x N t
F x NF x

	 (9)

errors.

Since the maximum value of F(x)(1 - F(x)) is 1 ,
4

 
one can sometimes use the rather crude upperbound es-

timate for the absolute error gD ≤ .
2

t

N
It is most important to evaluate the values of the 

empirical distribution function and the correspond-
ing statistic values (percentiles) in its tails. In the case 
of a lefttail critical region, when the region of interest 
is where F(x) is small, the use of formula (9) is fully 
justified.

For a righttail critical region, where F(x) is close to 1, 
the accuracy of the distribution function itself is less im-
portant than the accuracy of its complement to one. 
Therefore, in this case, the relative error must be deter-
mined by relating the absolute error not to F(x), but to 
1 - F(x). Thus,

+ g
D g

d g = =
- -

( , , ) ( )( , , ) .
1 ( ) [1 ( )]

x N F xx N t
F x N F x

For a given confidence level g, the number of simula-
tions Ng required to ensure a relative error d+ (righttail 
critical region) is

g
g

+

=
d -

2

2

( )
.

[1 ( )]
t F x

N
F x

Table 1 illustrates the relationship between the de-
sired accuracy and the required number of simulations.

The calculations presented below were obtained with 
no fewer than 4,000 simulations. This ensures that, at 
confidence level g = 0.95, the relative error of the esti-
mated distribution function of the statistic at the level 
0.9 does not exceed d+ = 0.078, and the absolute error 
does not exceed D = 0.0078. For the distributionfunction 
value 0.95 at the same confidence level, the relative error 
does not exceed d+ = 0.113, and the absolute error does 
not exceed D = 0.006.

Fig. 1 shows, as an example, the plots of the distri-
bution function of the statistic Mk (solid lines), obtained 
for different numbers of samples in the segments 
(n = 64, 32) and different numbers of segments in the 
ensemble (k = 4, 64). Small values of nwere selected in-
tentionally to demonstrate more clearly the discrete na-
ture of the dependencies. The points corresponding to 
the empirical distributionfunction values lie only on the 
vertical segments of the graph. The horizontal segments 
contain no such points and are drawn solely to provide 
a continuous curve.

Approximation of the test statistic. In addition to the 
empirical distribution functions, Fig. 1 also shows the 
plot of the Kolmogorov distribution (black solid line). 
The shape of the imaginary envelope curves of the em-
pirical distribution functions (one can draw them on the 
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Thus, for example, ( ) =2
6 15,n  ( ) =2

10 945,n  
( ) = …⋅2 31
50 5.84 10 .n  Such an approach may be reasonable 

only for small values of k.
Returning to the distribution function Mk

( ) { }- -= Ρ ≤ ≤ … ≤ ≤1,2 1,3 2, 1,, , , .
kM k k k kF z S z S z S z S z

It is impossible to determine this function without 
additional information about the mutual dependencies 
among all twosample statistics Si,j. However, it is possi-
ble to specify bounds for the distribution function using 
the generalized Fréchet inequality

( ) ( ) ( )= - - ≤ ≤inf max 0, ( ) ( 1) ( ).
kk MMF z kK z k F z K z

In Fig. 1, in addition to the empirical distribution 
function of the statistic (3), the bounds of the possible 
values of the distribution function are shown – K(z) 
(black solid line) and inf ( )

kMF z  (dashed line), as well as 

the curves = 2 ( )
k

F K z  (dashdot) and 
-

=
( 1)

2 ( )
k k

F K z  
(dotted). The latter two curves are constructed under 
the assumption that all twosample statistics involved in 
the construction of the statistic are independent. Their 
shapes are close to the envelope of the empirical distri-
bution functions.

Based on these observations and on the analysis of 
the results of statistical modelling, it is proposed to ap-
proximate the distribution function of the statistic Mk in 
the following form

	
  
+      =

221
2( ) ( ).
k

n

kMF z K z 	 (11)

Relation (11) is proposed for use when n ∈ [64, 
2048], k ∈ [2, 128], and ∈( ) [0.8;0.995].

kMF z  These rang-
es of n and k are determined by the volume of the statis-
tical modelling performed and may likely be extended 
toward larger values.

The criterion based on the statistic Mk in (3) and the 
approximation of its distribution function in the form 
(11) will be referred to as the Mk-criterion. This is a 
righttailed test: the null hypothesis is rejected for large 
values of the statistic Mk. The achieved significance level 
is computed from

	 = - *min(max(1 ( ),0),1),
kvalue M kp F M 	 (12)

where *
kM  is the computed value of the statistic.

Assessment of the adequacy of the Mk-criterion. The 
adequacy of the proposed criterion will be evaluated by 
comparing the significance levels (probabilities of Type I 
errors) a and aM. The true or nominal significance levels 

left and on the right) is close to the graph of the Kol-
mogorov distribution.

Furthermore, the following observation can be 
made. Suppose that the statistic is constructed as

{ } { }+ -= -
= =0

, 1 1,2 3,4 1,1,3,.. 1
,max max e, ,..., , venk i i k ki k

M kS S S S

that is, as the maximum of twosample statistics com-
puted for different independent pairs of segments (as-
suming H0 holds). Since each Si,i+1 is distributed accord-
ing to the Kolmogorov distribution, the distribution 
function of 0

kM  would be

	

-

-

= ≤ =

= ≤ ≤ … ≤ =

= =

0

1,2 3,4 1,

0

1,2 3,4 1,

2

( ) { }
{ , , }

( ) ( )... ( ) ( ).

k

k k

kM

k k
k

S S S

F z P M z

P S z S z S z

F z F z F z K z

	 (10)

When computing the statistic Mk from (3), each k of 
the samples of the ensemble is involved in the construc-
tion of several twosample statistics (specifically, in con-
structing (k - 1) statistics). Therefore, the statistics Si,j in 
(3) are not independent, and formula (10) cannot be ap-
plied directly in this case.

As an alternative, it may be reasonable to construct a 
k-sample statistic based on the maxima of twosample 
statistics for all possible pairwise combinations of sam-
ples in the ensemble. All of these statistics are also dis-

tributed as 2 ( ).
k

K z  However, this approach encounters 
a very rapid growth in the number of possible pairings as 
the number of elements increases [35]

=
 
 
 

(2)
2

2

even.! ,
2

2

k k

kn k
k

Table 1
Required number of simulations to ensure the relative error of the estimated distribution function (d+) 

at a given confidence level (g)
g 0.99 0.95 0.9
d+ 0.5 0.2 0.1 0.05 0.5 0.2 0.1 0.05 0.5 0.2 0.1 0.05

F(x) 0.85 123 767 3,066 12,264 62 384 1,534 6,134 38 233 932 3,726
0.90 195 1,218 4,870 19,477 98 609 2,436 9,742 60 370 1,480 5,917
0.95 412 2,570 10,280 41,119 206 1,286 5,142 20,566 125 781 3,123 12,491
0.99 2,143 13,391 53,562 214,247 1,072 6,698 26,790 107,159 651 4,068 16,271 65,084

Fig. 1. Distribution functions obtained by statistical mod-
elling and their approximations:
colors: blue – n = 64, k = 4; red – n = 32, k = 64; black – 
Kolmogorov distribution
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a are determined by the parameters of the generated 
population of random variables. The empirical signifi-
cance levels aM are computed as the ratio of the number 
of ensembles for which, according to the criterion 
pvalue < a, to the total number of generated ensembles.

Ideally, aM = a for all possible values of a. Further-
more, in the case of an ideal criterion, the values of pvalue 
are uniformly distributed on the interval [0, 1] (1). In 
reality, due to the stochastic nature of the data, these 
ideal properties are not observed, but the closeness of a 
and aM, as well as a relatively uniform histogram of the 
empirical pvalue, can be regarded as indicators of the 
quality of the criterion.

The discreteness of the proposed statistic compli-
cates the use of histograms for assessing adequacy, there-
fore we will rely only on the deviations of aM from a.

If aM  a, the use of the criterion leads to an inflated 
Type I error rate; that is, the null hypothesis may be re-
jected when it is actually true.

If aM  a, the acceptance region of the null hypoth-
esis becomes unjustifiably wide, which almost certainly 
leads to accepting H0 when the alternative is actually 
true – thus the probability of Type II errors increases.

Establishing an acceptable relationship between a 
and aM is generally subjective and must take into ac-
count the properties of specific data. Nevertheless, fol-
lowing Bradley (Bradley, J. V., 1978), we will consider a 
criterion “stringent” if 0.9a ≤ aM ≤ 1.1a, and “liberal” if 
0.5 ≤ aM ≤ 1.5a. Additionally, we will consider the crite-
rion “mediocre” if 0.2 ≤ aM ≤ 2a. Only if none of these 
conditions are met will the criterion be regarded as “un-
acceptable”.

It should be noted that these characterizations of the 
criterion are tied to the specific significance level a. The 
same criterion may be unacceptable at one level and 
stringent at another.

For an additional evaluation of adequacy, all gener-
ated ensembles were also tested by Zhang’s Atest, which, 
according to many researchers, is the best known k-
sample homogeneity test [36, 37].

Below we present the main features of applying 
Zhang’s Atest, taking into account a simplification en-
abled by the equal number of observations in all sam-
ples.

The combined ordered sample … ˆ1 2, , , ,nX X X  where 
=ˆ ,n nk  is augmented with the elements = -∞0 ,X  
+ = ∞ˆ 1 .nX
Let the ranks of the elements of the ith sample in the 

combined sample be denoted by = =, ( 1, ; 1, ),i jR i k j n  
with the additional ranks of X0 and +ˆ 1nX  defined as 
Ri,0 = 1 and + = +, 1 ˆ 1,i nR n  respectively.

The values of the empirical distribution function of 
the ith sample at the points … ˆ1 2, , , nX X X  are denoted by 

( )= =, ˆ1, ; 1, ,i mF i k m n  and, taking  j0 = 0, we compute se-
quentially for = … ˆ1,2, ,m n

( )
1

1

1
1 , 1

,
1

1, , 1

0.51, if
, .

if

m

m
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m i m
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The test statistic ZA is computed as
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This is a lefttailed test: the null hypothesis is rejected 
for small values of the statistic ZA.The achieved signifi-
cance level is computed as

= *max( ( ),0),
Avalue Z Ap F Z

where ( )
AZF z  is the distribution function of the statistic 

and *
AZ  is the observed value.

Use of the criterion requires prior statistical model-
ling to determine the distribution of the statistic ( ).

AZF z
A comparison of the Type I errors obtained using 

the proposed Mk-criterion (denoted aM) and Zhang’s 
Acriterion (denoted aZ) with the nominal Type I error 
level a is presented in Table 2. The data are given for 
various values of the number of samples in a segment 
(n) and the number of segments in the ensemble (k), at 
nominal significance levels a = 0.005, 0.01, 0.05, 0.1, 
0.15, 0.2, 0.25. In total, the table contains 203 compari-
son points.

According to the classification described earlier, 
the Mk-criterion can be considered liberal in 189 cases 
(the corresponding values in the table are shown in 
italics), of which 115 cases qualify as stringent (bold 
italics). No cases were found in which the criterion 
should be classified as unacceptable. Only in 14 cases 
can the criterion be regarded as mediocre, and these 
cases occur at rather small significance levels: a = 0.005 
and a = 0.01.

Using Zhang’s Acriterion yields somewhat better re-
sults. Specifically, it can be considered liberal in 199 cases 
(compared to 189 for the Mk-criterion) and stringent in 
145 cases (compared to 115 for the Mk-criterion).

Another important advantage of Zhang’s criterion 
should be noted – the uniformity of the distribution of 
its pvalue.

At the same time, the Mk-criterion, within the inter-
val of the most practically relevant significance levels, 
demonstrates nearly comparable results, while having 
the following essential advantages:

1.	 No statistical modelling is required to determine 
the distribution function of the statistic for each new 
number of samples in the segments or each new number 
of segments in the ensemble.

2.	 During sequential ensemble growth, it is not 
necessary to reevaluate the homogeneity of the entire 
updated ensemble every time. It is sufficient to compare 
only the new segment with those already included in 
the ensemble.

These advantages of the Mk-criterion enable selec-
tive formation of a segment ensemble from timeseries 
samples according to the following algorithm.

Algorithm for using the criterion to form an ensemble 
of homogeneous segments.

Input data:
-	x1, x2, …, xN – the sequence of observations;
-	n – the number of samples in each segment;
-	k – the number of segments in the ensemble;
-	a	 – the significance level;
-	N – the total number of observations (N  nk);
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Table 2
Nominal and experimental significance levels

Nominal significance level, a
0.005 0.01 0.05 0.1 0.15 0.2 0.25

n = 64; k = 4 
aM 0.0052 0.0104 0.061 0.1036 0.1804 0.1604 0.2366
aZ 0.0046 0.0072 0.0504 0.1006 0.1518 0.2002 0.2486

n = 64; k = 8
aM 0.005 0.012 0.04 0.0776 0.1276 0.2046 0.2046
aZ 0.006 0.0118 0.0558 0.0988 0.1472 0.199 0.2442

n = 64; k = 16
aM 0.004 0.0108 0.0424 0.0794 0.1376 0.1376 0.2256
aZ 0.044 0.0108 0.0584 0.1028 0.1544 0.1988 0.2464

n = 64; k = 32
aM 0.0088 0.0168 0.0406 0.0706 0.1272 0.1272 0.2186
aZ 0,0054 0.0114 0.045 0.096 0.1516 0.198 0.2508

n = 64; k = 64
aM 0.0045 0.0098 0.0516 0.108 0.108 0.2006 0.2006
aZ 0.0054 0.0092 0.0508 0.1032 0.152 0.2002 0.2502

n = 128; k = 4
aM 0.0054 0.0096 0.0498 0.1008 0.1376 0.19 0.265
aZ 0.0062 0.0122 0.566 0.1086 0.1584 0.2068 0.2554

n = 128; k = 8
aM 0.068 0.0166 0.0554 0.1226 0.175 0.175 0.2408
aZ 0.006 0.0134 0.0514 0.0944 0.1484 0.193 0.236

n = 128; k = 16
aM 0.0068 0.0134 0.0544 0.128 0.128 0.1806 0.2512
aZ 0.0052 0.0112 0.0502 0.1028 0.1568 0.2106 0.2588

n = 128; k = 32
aM 0.0052 0.0166 0.044 0.112 0.1792 0.1792 0.2584
aZ 0.004 0.0078 0.0472 0.095 0.1462 0.1922 0.2457

n = 128; k = 64 
aM 0.006 0.0104 0.0602 0.0938 0.1448 0.212 0.212
aZ 0.0076 0.0146 0.0498 0.1076 0.1554 0.206 0.2594

n = 256; k = 4
aM 0.0062 0.0116 0.065 0.1084 0.1652 0.2042 0.2426
aZ 0.0076 0.0136 0.0478 0.1008 0.1498 0.1952 0.2396

n = 256; k = 8
aM 0.006 0.012 0.0604 0.0978 0.1652 0.2058 0.2532
aZ 0.0044 0.0102 0.0486 0.101 0.1492 0.2074 0.2608

n = 256; k = 16
aM 0.007 0.0152 0.058 0.1086 0.143 0.187 0.242
aZ 0.0044 0.0102 0.044 0.0972 0.1522 0.2024 0.2486

n = 256; k = 32
aM 0.0088 0.0138 0.058 0.1046 0.1422 0.1868 0.2426
aZ 0.0068 0.0126 0.0618 0.1148 0.1658 0.2174 0.2634

n = 256; k = 64
aM 0.006 0.0124 0.0638 0.0872 0.1628 0.1628 0.219
aZ 0.0056 0.0136 0.0504 0.1024 0.146 0.197 0.2516

n = 256; k =128
aM 0.0046 0.0122 0.0474 0.0988 0.1406 0.1908 0.2514
aZ 0.0068 0.0126 0.0508 0.0984 0.1488 0.203 0.2556

n = 512; k = 4
aM 0.005 0.0106 0.0536 0.0946 0.1554 0.1852 0.2408
aZ 0.0042 0.0112 0.0506 0.1006 0.1478 0.1964 0.2482

n = 512; k = 8
aM 0.0064 0.0106 0.06 0.1046 0.1484 0.205 0.2382
aZ 0.0048 0.0102 0.048 0.0998 0.145 0.196 0.244

n = 512; k = 16
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Nominal significance level, a
0.005 0.01 0.05 0.1 0.15 0.2 0.25

aM 0.0066 0.0116 0.0552 0.1086 0.1572 0.2194 0.2612
aZ 0.007 0.0122 0.0584 0.112 0.159 0.2082 0.2546

n = 512; k = 32
aM 0.0084 0.013 0.0568 0.113 0.1394 0.2104 0.252
aZ 0.0058 0.0118 0.0528 0.093 0.1466 0.1982 0.2522

n = 512; k = 64
aM 0.0096 0.0174 0.0622 0.1148 0.1442 0.1808 0.2188

n = 1,024; k = 4
aM 0.007 0.0128 0.0612 0.1122 0.158 0.2208 0.2676
aZ 0.009 0.0154 0.0522 0.0988 0.1454 0.1998 0.249

n = 1,024; k = 8
aM 0.009 0.0162 0.0564 0.1068 0.1586 0.2044 0.2544
aZ 0.0096 0.158 0.061 0.106 0.153 0.2078 0.259

N = 1,024; k = 16
aM 0.0092 0.0146 0.0586 0.1044 0.163 0.2106 0.2702
aZ 0.006 0.0108 0.0568 0.105 0.1492 0.1964 0.2452

n = 1,024; k = 32
aM 0.0094 0.0174 0.068 0.1102 0.165 0.212 0.2438
aZ 0.006 0.01 0.0506 0.982 0.1508 0.1996 0.2516

n = 1,024; k = 64
aM 0.0074 0.0148 0.067 0.114 0.1498 0.1956 0.228

n = 2,048; k = 4
aM 0.0058 0.0114 0.059 0.1108 0.1674 0.206 0.2554
aZ 0.005 0.0108 0.0512 0.1034 0.1512 0.1958 0.248

n = 2,048; k = 8
aM 0.008 0.013 0.063 0.1132 0.1562 0.2176 0.254
aZ 0.0052 0.0106 0.0518 0.1006 0.1514 0.2012 0.2502

n = 2,048; k =16
aM 0.008 0.0164 0.0602 0.1142 0.174 0.2106 0.2662
aZ 0.0056 0.0086 0.0514 0.1044 0.1638 0.2246 0.2822

n = 2,048; k = 32
aM 0.0058 0.013 0.0564 0.1086 0.1482 0.2024 0.2424
aZ 0.0076 0.144 0.052 0.1036 0.1602 0.2662 0.2662

n = 2048; k = 64
aM 0.0098 0.0164 0.0544 0.1148 0.1508 0.1874 0.2324

-	f_S2(s1, s2) – a function that computes the cor-
rected statistic of the twosample Kolmogorov–Smirnov 
test for segments s1 and s2 (4, 5, 7);

-	f_Pvalue(M, k, n) – a function that computes the 
achieved significance level for the statistic M, obtained 
from k segments with n samples each (11, 12).

Output data:
- X – a matrix of size n × k, where each column con-

tains the samples of one segment.
Algorithm:
1.	 Form the first segment from the observations: 

s1 = {x1, …, xn}.
2.	 Set M = -∞; I = 1; i = 1; X(1 : n, 1) = s1;  X(1 : n, 

2 : k) = 0.
3.	 Set I = I + 1.
4.	 If nI > N, terminate.
5.	 Form the segment from n consecutive observations

s = {xn(I - 1) + 1, …, xnI}.

6.	 Compute Sj = f_S2(s, X(1 : n, j)), =1, .j i

7.	 Compute 
=

 =  
 max

1,
max max , .j

j i
S S M

8.	 Compute p = f_Pvalue(Smax, i + 1, n).
9.	 If p < a, then go to step 3.
10.	Set i = i + 1,  M = Smax.
11.	Insert the segment into the output matrix

X(1 : n, i) = s.
12.	If i < k, then go to step 3.
13.	Terminate.
Example of using the criterion. The described algo-

rithm was applied to a synthetic time series. The syn-
thetic series was constructed as a sequence of generated 
normally distributed samples, to which identical addi-
tional excitation impulses were added at random uni-
formly distributed time moments (with intensity l). The 
samples were divided into nonoverlapping segments of 
n  samples each. Segments were then grouped into en-
sembles according to the algorithm presented above. As 
an evaluation characteristic, a loss coefficient kout was 

Table 2 (continued)
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used, defined as the ratio of the number of segments that 
did not enter the constructed ensembles to the total 
number of segments. At the same time, ensembles were 
also formed from the same series using Zhang’s criteri-
on, and these ensembles were evaluated using the same 
loss coefficient kout.

During statistical modelling, the number of simula-
tions depended on the rate of stabilization of the value kout 
and did not exceed 500 simulations. The number of sam-
ples in each simulation was 50 kn, which corresponds to 
a maximum possible number of 50 ensembles.

A single excitation impulse was defined as

( )-b
 π ϖ =
 ϖ -b 

2 2

4sin , 0, .iAe i i

where A is the amplitude; ϖ is the frequency; b is the 
damping coefficient.

Fig. 2 presents the results obtained for the following 
parameter values: ϖ = 0.1, b = 0.2, n = 128, a = 0.05. 
Other parameters are shown in the figure.

Conclusions. The statistic of the criterion was de-
fined as the maximum among all possible twosample 
statistics that can be constructed from the segments of 
the ensemble. As the twosample statistic, the statistic of 
the Kolmogorov–Smirnov homogeneity test was used.

Statistical modelling was used to study the distribu-
tions of the proposed statistic for various segment and 
sample sizes. Based on the considerations presented in 
this work and on the analysis of the modelling results, a 
function was proposed that approximates the distribu-
tion function of the statistic. The approximation repre-
sents the Kolmogorov function raised to a power that 
depends on the number of samples in the segments and 
the number of segments in the ensemble. The adequacy 
of the proposed approximation was assessed by compar-
ing the nominal significance level with the significance 
levels obtained using the proposed criterion and Zhang’s 
criterion. The comparison results showed that the crite-
rion based on the proposed approximation (referred to 
as the Mk​-criterion) can be used as a k-sample homoge-
neity test, at least for n ∈ [64; 2048], k ∈ [2; 128], and 
a ∈ [0.005; 0.2].

At the same time, the advantage of the Mk-criterion 
lies in its ability to dynamically test the possibility of in-
cluding each new segment in the ensemble. This elimi-

nates the need to precompute (via statistical modelling) 
distribution functions of the statistic for all intermediate 
values of k, as would be required when using known k-
sample tests such as Zhang’s criterion or the Anderson–
Darling criterion.

An example was presented showing the formation of 
an ensemble of segments for a synthetic signal. The sig-
nal was generated as a sequence of normally distributed 
samples, to which identical impulses were added at ran-
dom time moments. When ensembles were formed us-
ing the Mk-criterion, the number of “lost” segments was 
several times smaller than when using Zhang’s k-sample 
criterion, which consequently increases the statistical 
reliability of the estimates obtained from the construct-
ed ensemble.

The proposed criterion is most appropriate for mon-
itoring the state of systems. In many cases, systems may 
operate in several states that are close to quasistationary. 
State identification requires statistical processing of the 
signals generated by the system. This, in turn, demands 
the availability of a set of statistically similar samples 
(ensembles of segments) that correspond to a limited 
time interval (the identification interval) [38, 39].

Random external influences may substantially al-
ter the characteristics of the recorded signals. In such 
cases, the formal merging of consecutive segments 
into an ensemble leads to unacceptably large confi-
dence intervals, while rejecting ensembles based on 
strict statistical requirements results in an undesirably 
wide identification interval. The use of the Mkcriteri-
on during ensemble formation significantly alleviates 
this issue by increasing the proportion of segments 
that can be included in the ensemble (i.e., by reducing 
the loss coefficient). At the same time, the rejected 
segments may be analysed separately, including the 
possibility of treating them as data for constructing a 
new ensemble.

The conceptual design of the criterion naturally sup-
ports both offline and online use.
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Непараметричний критерій однорідності 
для селективного формування ансамблю 

сегментів часового ряду
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Мета. Розробка критерію перевірки однорід-
ності сегментів часового ряду, які послідовно 
об’єднуються в ансамбль сегментів, що є передумо-
вою отримання статистично значущих оцінок ряду.

Методика. Основою дослідження є ймовірніс-
ний аналіз і статистичне моделювання. Значну час-
тину дослідження складає доведення адекватності 
запропонованого критерію, що включає співстав-
лення й демонстрацію переваг відносно відомого 
критерію. Статистика запропонованого критерію 
базується на статистиці двовибіркового критерію 
однорідності Колмогорова-Смірнова.
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Результати. Показано, що при застосуванні 
запропонованого критерію для перевірки одно-
рідності ансамблю із фіксованою кількістю сег-
ментів, цей критерій дає результати близькі до 
результатів відомого критерію Жанга. Переваги 
запропонованого критерію виявляються при по-
слідовному оцінюванні можливості включення 
сегментів у ансамбль. У такому випадку кількість 
«втрачених» сегментів може буте зменшена 
в рази. Область використання критерію обмеже-
на наведеними досить широкими інтервалами 
параметрів, що приймалися при статистичному 
моделюванні.

Наукова новизна. Розроблено новий критерій 
формування ансамблю однорідних сегментів часо-
вого ряду. Критерій не вимагає проведення статис-
тичного моделювання для визначення функцій 
розподілу статистики критерію при зміні кількості 
відліків у сегментах і кількості сегментів у ансамблі.

Практична значимість. Використання запропоно-
ваного критерію може забезпечити суттєве підвищен-
ня статистичної значущості оцінок стану процесу, що 
представлений у вигляді рівномірного часового ряду.

Ключові слова: непараметричний критерій одно-
рідності, часовий ряд, ансамбль сегментів, випадко-
вий процес


