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Modeling of the heat transfer process taking into account
bursting expansion of fire-retardant coating
Purpose. To develop an algorithm for calculating the problem of determining the non-stationary temperature field through the
thickness of a multilayered structure, taking into account changes in the thermophysical characteristics and geometric dimensions
(fluctuations) of the applied fire protection coating.
Methodology. Application of the direct method for solving the differential equation of heat conduction using the method of
reduction, the concept of quasi-derivatives, the method of separation of variables and the modified method of eigenfunctions of
Fourier.
Findings. An algorithm for determining the non-stationary temperature field in a multilayered flat structure is proposed, taking
into account changes in the thermophysical characteristics and geometric dimensions (bursting expansion process) of the fire
protection coating. This is achieved by solving a sequence of two tasks (the temperature field before the swelling and after the swell
ing of the coating).
Originality. For the first time, using the direct method, in solving the problem of non-stationary heat conductivity, an algo
rithm for determining the temperature field in multilayer elements with variable thickness of a layer on the example of building
structures with flame retardant systems based on intumescent coatings is proposed.
Practical value. Further, this approach can be implemented for approximation of solutions of heat conduction problems and it
will allow catalyzing studies on fire retardant properties of intumescent coatings.
Keywords: direct method, thermal conductivity, non-stationary temperature field, flame retardant coating
Introduction. At all stages of capital construction or recon
struction of objects of different purposes it is necessary to
count the ability of building structures to maintain the main
properties in case of fire. So the heating of structures, which
can lead to its premature destruction, should be avoided. As it
is known, to protect the structures, their processing with fire
proof compositions (coatings) is carried out. The usage of such
coatings is a sufficiently effective way to save the main ele
ments from heating. So, for example, intumescent flame retar
dant systems can prevent the heating of metal constructions to
a critical temperature of 500 °C from 15 minutes (without fire
protection) to 90 minutes.
Obviously, this kind of fire protection is very effective. How
ever, during the research on the distribution of the non-station
ary temperature field of such problems (structures with fire pro
tective coatings) significant difficulties usually occur, because
during the heating the coating swells, which leads to a change in
the geometric size (thickness increase) and thermophysical char
acteristics (thermal conductivity coefficient, density and specific
heat) of coating. As a rule, such a change is expressed by the coef
ficient of fluctuation, ranging from 10 to 15 times. Therefore, the
development of methods for researching the problems of thermal
conductivity, which take into consideration the change in the
characteristics of the material, is an urgent task of the present.
Literature review. According to [1, 2] the assessment of the
protective effect of the coating should be carried out by ex
perimental methods. In the work [3] an experimental study on
the flame retardant coating for steel under three different fire
scenarios was done. In developing new types of coatings and
defining their flame retardant properties, experimental studies
are also often used, as it is done, for example, in [4].
In [5, 6], there are at least 5 nominal modes for which a
fire may progress. Therefore, the inclusion of fire-retardant
coating properties for each mode is a complicated task.
It should also be noted that real fire tests require powerful
laboratories for testing, which will be able to provide the re
quired level of requirements for experimental research and, as
a result, carries significant financial costs.
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Unsolved aspects of the problem. Analytical methods for
investigating the non-stationary temperature field in the struc
tures is an alternative to methods for assessing fire resistance of
bearing walls based on standard fire tests. The analytical meth
ods are conventionally divided into three types: a) direct or
classical, which are based on the method of separation of vari
ables [7]; b) operational, using various kinds of integral trans
formations [8, 9]; c) approximate analytical and numerical
methods [10]. However, these studies do not allow taking into
account the swelling of the coating. Typically [6], the calcula
tions are carried with the already swelled coating, which may
not give a sufficiently accurate estimate of the time of fire pro
tection.
The aim of this work is to use the direct method [11] to
develop an algorithm for determining the temperature field of
elements of building structures, taking into account changes in
the geometric size and thermophysical characteristics (swell
ing process) of the fire protection coating.
Problem statement and its mathematical model. We con
sider a multilayered flat construction with thickness l, m in a
rectangular Cartesian coordinate system 0xyz. This area is
bounded by the planes x = x0 = 0 and x = xn = l and is divided
by the planes x = x0, x = x1, x = x2, x = xn - 1, on n layers of dif
ferent thickness. Each layer has its own thermal conductivity
‒ λ, W/m ⋅ °C; specific heat capacity ‒ c, J/kg ⋅ °C; and the
density is ρ, kg/m3. A fire occurs near one of the surfaces of
the structure. After some time from the beginning of the fire,
due to the thermal action of the flame, one of the layers
changes its geometric dimensions and thermophysical char
acteristics (for example, there can be swelling of the fire pro
tection coating). To determine the fire resistance limit of
such a structure, it is necessary to solve a sequence of tasks
for determination of the distribution of the non-stationary
temperature field of a multilayered structure, taking into ac
count the change in its geometrical and thermophysical char
acteristics.
The problem of the distribution of a non-stationary tem
perature field in the thickness of a multilayered flat construc
tion is reduced to the solution on the interval [x0, xn] of the
differential equation [8, 11]
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(1)

with boundary conditions of the third kind
a 0t ( x0 , t ) - t [1] ( x0 , t ) =a 0ψ 0 ( t )
,

[1]
a nt ( xn, t ) + t ( xn, t ) =a nψ n ( t )
with initial condition

(2)

(3)

where t(x,τ) is temperature, °С; t[1](x, τ) = λt′x is quasi deriva
tive (heat flux density with minus sign) [11]; α0 & αn are heat
transfer coefficients between the fire environment and the sur
face of the structure, W/m2·0С; ψ0(τ) = 345 lg ((8τ/60) + 1) +
+ 20 is the fire temperature change law (standard temperature
mode [5]); ψ0(τ) = 20 is the ambient temperature on the side of
the non-heated surface; τ is time, s.
We introduce the following notation [11]:
qi – characteristic half-open interval function [xi, xi + 1)
1, x ∈  xi , xi +1 ),
i =0, n - 1.
qi ( x ) =
0, x ∉  xi , xi +1 ),

(4)

()




-ana0ψ0 (t) + ana0ψn (t)

Mixed problem for function v(x, τ). Using the notation (5)
we rewrite the equation (1) in the following form [11]
cr

n-1

∑ li qi ; c ( x ) r ( x =) ∑ ciri qi .

In the future, we consider the coefficients λi, сi, ρi to be
piecewise constants at each interval [xi, xi + 1).
The solution of equation (1‒3) is sought as a sum of two
functions (the method of reduction) [11]
n-1

t ( x, t=
) u ( x, t ) + v ( x, t ) ≡ ∑ ui ( x, t ) + vi ( x, t ) qi .

(5)

i =0

Any of the functions u(x, τ) or v(x, τ) can be chosen arbi
trarily, then the other one will be determined unambiguously.
Choosing the function u(x, τ). Choosing a function u(x, τ)
as a solution to a quasi-stationary problem [11]
(lu′)′ = 0,

(6)

with boundary conditions of the third kind
a 0u ( x0 , t ) - u[1] ( x0 , t ) =a 0ψ 0 ( t )
.

[1]
a nu ( xn, t ) + u ( xn, t ) =a nψ n ( t )

(7)

It has been established in [11], [12] that the solution of the
(quasi) stationary boundary value problem (6, 7) on the inter
val [xi, xi + 1) has the form
0) ⋅ U(x, t) = Bi(x, xi) ⋅ B(xi, x0) ⋅ P0(t),

where it is marked
P0(t) = (P + Q ⋅ B(xn, x0))-1 ⋅ G(t);
 a 0 -1 
P =
=
; Q
 0 0
G(t) = (a0 ⋅ y0(t);

cr
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∂u
is to be known be
∂t
cause function u(x, τ) is already known.
Whereas function u(x, τ) fulfills the boundary conditions
(2), so conditions for function v(x, τ) follow from (5)
 a 0 v ( x0 , t ) - v[1] ( x0 , t ) =0
,

[1]
a nv ( xn, t ) + v ( xn, t ) =0



.



Due to the corresponding mathematical calculations, the
solution of the boundary value problem (6, 7) on the interval
[xi, xi+1] has the form

(11)

and the initial condition looks like
v ( x,0=
) f ( x ) ≡ j( x ) - u ( x,0=)

n-1

∑ ji ( x ) - ui ( x,0 ) qi .
i =0

(12)

The structure of the solution of a mixed problem (10‒12)
has been studied and described in detail in [11]. This solution
can be constructed as follows:
1. Characteristic equation of the problem on its own states
has a view
F(w) = def (P + Q ⋅ B(xn, x0, w)) = 0;
(13)
df

 x , x ,w =
B
(i 0 )

sin ai - j ( xi - j +1 - xi - j ) 
i 
cos ai - j ( xi - j +1 - xi - j )

li - j ai - j
= ∏
;
j =0
 -l a sin a ( x

i- j
i - j +1 - xi - j ) cos a i - j ( xi - j +1 - xi - j ) 
 i- j i- j

c r w
ai - j = i - j i - j .
li - j
We can find the own states ωk. from equation (13).
2. Eigen functions Xk which conform to the corresponding
eigenvalues ωk, have the following structure
X ki ( x, w=
k)

 0 0

 ;
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Taking into account that u(x, τ) is a solution of the prob
lem (6, 7), the equation (9) will take the form

=i 0=i 0

ui(x, t) = (1,




It should be noted that function cr

Using notation (4) we are rewriting coefficients of equation
(1) as
n-1
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ci ri wk
.
li
3. The square of norm || Xk ||2 of eigen functions Xk(x, wk)
has a view

where it is noted ai =
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X k=

n-1

xi +1

i =0

xi

∑ ciri ⋅

∫

X ki2 ( x, wk )dx.

4. The Fourier coefficients of development of the initial
function f(x)
1 n-1
f k = 2 ∑ ci ri
|| X k || i =0

xi +1

∫ fi ( x ) X ki ( x,wk ) dx.

xi

5. The Fourier coefficients of development of the func
∂u
tion
∂t
b=
k (s)

1
Xk

2

n-1

xi +1

i =0

xi

∑ ciri ∫

∂ui ( x, s )
∂s

X ki ( x, wk ) dx.

On each of the spaces [xi, xi + 1], this solution is depicted in
expanded form
vi ( x=
,t)

t


-w t- s
-wk t
f
⋅
e
e k ( )bk ( s ) ds X ki ( x, wk ).

∑ k
∫

k =1 
0

∞
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Using the Figure (5) and taking into account formulas (8)
and (14), we finally obtain the solution of the problem (1‒3) in
the form
 x - xi   i -1 xk +1 - xk 
1

1
 1 ∑
=
×
ti ( x, t) 
li  ⋅  k = 0 l k 
0
 0
 a 0 a n sn + a 0 + a n
1
1
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t
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+ ∑  fk e-wk t - ∫ e-wk tbk ( s ) ds X ki ( x, wk ).

k =1 
0


(15)

Application of the solution. To study the influence of ther
mophysical and geometrical (thickness of the dry layer) char
acteristics of flame retardant coatings on fire resistance of
structures we consider a reinforced concrete slab protected by
a flame retardant coating.
To investigate the distribution of the temperature field in
the thickness of the reinforced concrete slab (at a depth of
20 mm ‒ the expected location of the reinforcement in the
concrete slabs), protected by the fireproof coating Polylack-A
produced by the Hungarian firm “Dunamenti Tűzvédelem
Zrt”, we simulate it in the form of a two layer structure with a
thickness of the fire protective coating of 2 mm. The tempera
ture on one side of the slab changes according to the standard
temperature mode of the fire. We consider two stages of the
heating process of the slab with fire protection: before swelling
and after swelling of the coating.
In the paper [6] it is indicated that during intense heating
the fire protection coating swells at a temperature of about
250 °С and, as a result, its thermophysical characteristics and
geometrical sizes change. In particular, the thickness of the
coating during flutter increases by 10‒15 times, and the ther
mal conductivity and density decrease respectively. This, in
turn, reduces the heating intensity of the structure.
Stage before swelling. To investigate the distribution of a nonstationary temperature field in the thickness of a two-layer con
struction we used the direct method described above. This study
was conducted using the computer algebra system Maple 13.
The initial data of a two-layer structure were introduced as fol
lows: the thickness of the layers; thermophysical characteristics
of materials; the law of temperature changes on external surface
layers (on the exposed surface the temperature varied according
38

to the law of the standard temperature mode of the fire, on the
other surface the temperature was constant); and the initial dis
tribution of the temperature field until the start of the fire. Cal
culations show that the time of swelling of the Polylack-A flame
retardant coating (reaching the temperature of the swelling) is 18
minutes (Fig. 1). It should be noted that in order to achieve this
result, 30 roots of the characteristic equation (13) and corre
sponding summation of the terms of series (14) were calculated.
Stage after swelling. During the second stage, a new task is
set. Due to this task the thermophysical characteristics and the
geometric dimensions of the coating vary. The initial distribu
tion of the temperature field over the thickness of the structure
also changes (the temperature field, which was at the time of
the swelling of the coating – in the 18th minute of the first
stage – was introduced). The heating of the exposed surface
does not begin anew, but conditionally continues (from the
18th minute). By introducing new initial data, and using the
computer algebra system Maple 13 [12‒15], we obtain the dis
tribution of the non-stationary temperature field in the thick
ness of a two-layer structure in the form of a graph (Fig. 2).
Fig. 3. shows the process of heating of flame retardant
coating during all period of fire.
To estimate the heating of the reinforcement at a depth of
20 mm, a plot of the distribution of the non-stationary tem
perature field in time is constructed, taking into account the
process of swelling of the fire protection coating.
The analysis of Fig. 4 makes it possible to establish that the
reinforcement in the reinforced concrete floor slab, protected
by a fireproof coating, is heated to a critical temperature of
500 °С for 181 minutes.
Now let us investigate the distribution of the temperature
field in the thickness of the reinforced concrete slab (at a depth
of 20 mm), without taking into account the stage before the
swelling of the flame retardant. Calculations are conducted for
a double-layer construction with the already swelled flame re
tardant coating. The results are shown in Fig. 5.
The comparative analysis of Figs. 4 and 5 shows that after
taking into account the swelling of the coating the temperature

Fig. 1. Heating of flame retardant coating (before swelling)

Fig. 2. Heating of flame retardant coating (after swelling)
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of the structure reaches 500 °С in 181 minutes, and without
taking into account the swelling of the coating the temperature
of the structure reaches 500 °С in 195 minutes, which shows
differences between various approaches to estimating the fire
protection time of the coating.
Algorithm of the calculation. Due to the research con
ducted, an algorithm for determining the distribution of a
non-stationary temperature field of a multilayer structure with
the possibility of changing the geometric sizes and thermo
physical characteristics of the flame retardant coating layer
was developed. The algorithm is based on the direct method
for calculating the non-stationary temperature field throughthe-thickness of a multilayered flat structure.
1. The first stage of the proposed algorithm is the input of
the initial data.

Fig. 3. Heating of flame retardant coating during the whole period of fire

Fig. 4. Heating of a reinforced concrete floor slab (taking into
account swelling of the coating)

Fig. 5. Heating of the reinforced concrete slab (without taking
into account the swelling of the coating)

2. The next step is to calculate the non-stationary temper
ature field through the thickness of the multilayered flat struc
ture, which is given in the formula (15).
3. The calculation is made until the heating of the struc
ture to the critical temperature, or swelling of the fire protec
tion coating of the structure.
4. If the design does not warm up to a certain critical tem
perature, and the effect of the fire has led to the swelling of the
fire protection coating of the structure, the calculations are
stopped, and the time τ0 is fixed. Next, a new task is proposed for
calculating the distribution of the non-stationary temperature
field through-the-thickness of the structure, taking into account
changes in the geometrical sizes and thermophysical character
istics of the swelled fire protection coating. New initial data is
entered. The time τ0 is added to the law of temperature change of
the fire ψ0(τ) and the temperature of the environment ψn(τ). The
initial distribution of the temperature field is given as a function
of the distribution of the temperature field that existed at the
time τ0. Again, the calculation of the distribution of the nonstationary temperature field through-the-thickness of the struc
ture is made prior to heating it to a certain critical temperature.
5. If the heating of the structure is at a critical temperature
before the swelling of the coating, the calculation is stopped.
6. The results of the calculation are deduced in the form of
explicit formulas for the distribution of the non-stationary
temperature field for each of the layers of the structure. With
the help of these formulas, the result can be deduced in the
form of tabular data, graphic dependencies (bulk graphs, ani
mations, and so on) changes in temperature through-thethickness of the construction, depending on the time.
Conclusions. The scheme of solving the boundary value
problem of heat conductivity on the basis of the direct method
is described, which allows us to create an algorithm for deter
mining the distribution of a non-stationary temperature field,
taking into account changes in the thermophysical and geo
metric characteristics of the structure. Boundary conditions of
the third kind most successfully describe the process of trans
fer of heat between the design and the environment of the fire.
The function of changing the temperature of the environment
in time can be arbitrary, which allows describing various fire
regimes, including parametric. The structure of the obtained
explicit formulas (8, 14 and 15) allowed creating an algorithm
for determining the temperature fields in the form of an auto
mated program, where it is enough to enter only the initial
data. Note that the basis of such algorithms is the procedures
for calculating the roots of the characteristic equation, multi
plying the finite number of matrices, calculating certain inte
grals, and summing the required number of members of the
series (14) to obtain the given accuracy.
An arbitrary record of the initial condition (3) allows ter
minating the calculation at any time and change the size or
thermophysical characteristics of the coating.
This method is verified in comparison with experimental
studies. The results obtained using mathematical models, are
qualitatively and quantitatively convergent with the results ob
tained experimentally. The difference between the theoretical
and experimental data does not exceed 10 %, which is de
scribed in more detail in the work.
Distribution of this method on the construction of other
geometric forms (cylindrical or spherical) does not cause sig
nificant difficulties.
As a product, in the future, this algorithm will significantly
accelerate the study of flame retardant properties of intumes
cent coatings.
According to the authors, in the future, such an approach
can be used to approximate the solutions of nonlinear heat con
duction problems, but at present, this issue remains unresolved.
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Моделювання процесу теплопереносу
з урахуванням спучення вогнезахисного
покриття
Р. М. Тацій, О. Ю. Пазен, С. Я. Вовк
Львівський державний університет безпеки життєдіяль
ності, м. Львів, Україна, e-mail: opazen@gmail.com
Мета. Розробити алгоритм розрахунку задачі про ви
значення нестаціонарного температурного поля за тов
щиною багатошарової конструкції з урахуванням зміни
40

теплофізичних характеристик і геометричних розмірів
(спучення) нанесеного вогнезахисного покриття.
Методика. Застосування прямого методу роз
в’я
зу
ван
ня диференціального рівняння теплопровідності із
застосуванням методу редукції, концепції квазіпохідних,
методу відокремлення змінних і модифікованого методу
власних функцій Фур’є.
Результати. Запропоновано алгоритм визначення не
стаціонарного температурного поля в багатошаровій
пласкій конструкції з урахування зміни теплофізичних
характеристик і геометричних розмірів (процес спучен
ня) вогнезахисного покриття. Це досягається шляхом
розв’язування послідовності двох задач (температурне
поле до спучення та після спучення покриття).
Наукова новизна. Уперше із застосування прямого мето
ду щодо розв’язку задачі нестаціонарної теплопровідності,
запропоновано алгоритм щодо визначення температурного
поля в багатошарових елементах зі змінною товщиною
шару на прикладі будівельних конструкцій із вогнезахисни
ми системами на основі покриттів, що спучуються.
Практична значимість. У подальшому такий підхід
може бути використаний для апроксимації розв’язків не
лінійних задач теплопровідності та дозволить значно
пришвидшити дослідження вогнезахисних властивостей
покриттів що спучуються.
Ключові слова: прямий метод, теплопровідність, нестаціонарне температурне поле, вогнезахисне покриття
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Цель. Разработать алгоритм расчета задачи об опреде
лении нестационарного температурного поля по толщине
многослойной конструкции с учетом изменения тепло
физических характеристик и геометрических размеров
(вспучивание) нанесенного огнезащитного покрытия.
Методика. Применение прямого метода решения
дифференциального уравнения теплопроводности с
применением метода редукции, концепции квазипроиз
водных, метода разделения переменных и модифициро
ванного метода собственных функций Фурье.
Результаты. Предложен алгоритм определения неста
ционарного температурного поля в многослойной пло
ской конструкции с учетом изменения теплофизических
характеристик и геометрических размеров (процесс вспу
чивания) огнезащитного покрытия. Это достигается пу
тем решения последовательности двух задач (температур
ное поле до вспучивания и после вспучивания покрытия).
Научная новизна. Впервые с применением прямого ме
тода по решению задачи нестационарной теплопроводно
сти, предложен алгоритм об определении температурного
поля в многослойных элементах с переменной толщиной
слоя на примере строительных конструкций с огнезащит
ными системами на основе вспучивающихся покрытий.
Практическая значимость. В дальнейшем такой под
ход может быть использован для аппроксимации реше
ний нелинейных задач теплопроводности и позволит
значительно ускорить исследования огнезащитных
свойств вспучивающихся покрытий.
Ключевые слова: прямой метод, теплопроводность, нестационарное температурное поле, огнезащитное покрытие
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