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MATHEMATICAL MODELING AND ANALYSIS OF HEAT TRANSFER
IN STRUCTURES WITH FOREIGN ELEMENTS

Purpose. The study aims to develop linear and nonlinear mathematical models for determining temperature fields
in isotropic three-dimensional media containing foreign thermoactive semi-through elements. This approach en-
hances the accuracy of temperature regime analysis under thermal loads and contributes to the improvement of de-
sign methods for devices whose individual units include foreign thermoactive elements.

Methodology. To obtain analytical-numerical solutions of linear and nonlinear boundary value problems of heat
conduction, asymmetric unit functions were used. As a result, the thermal conductivity coefficient for a structure with
a foreign semi-through cylindrical element is represented as a unified whole. This ensures the fulfillment of ideal
thermal contact conditions at the interfaces of dissimilar materials in the structure, reducing the problem to solving a
single heat conduction equation with discontinuous and singular coefficients. For the nonlinear boundary value
problem, a linearizing function was introduced, allowing the transformation into a second-order linear partial dif-
ferential equation with discontinuous and singular coefficients, and a quasi-linear boundary condition. By approxi-
mating the temperature as a function of spatial coordinates on the inclusion surface and the layer’s boundary surface
using piecewise-constant functions, the nonlinear boundary value problem was fully linearized.

Findings. Linear and nonlinear mathematical models were developed to determine the temperature field and ana-
lyze thermal regimes in devices containing a foreign thermoactive semi-through inclusion. A linearizing function was
proposed to simplify the nonlinear boundary value problem. Analytical-numerical solutions for both the linear and
nonlinear heat conduction problems were obtained, allowing the determination of the temperature distribution as a
function of spatial coordinates. Comparative analysis revealed a 7 % difference between results for constant and lin-
early varying thermal conductivity coefficients, explained by the small values of the thermal conductivity temperature
coefficient for the selected construction materials.

Originality. A method for linearizing the nonlinear mathematical model of heat conduction was proposed. Ana-
Iytical-numerical solutions to the corresponding linear and nonlinear boundary value problems were obtained in
closed form. The use of asymmetric unit functions allowed for a correct mathematical description of heat transfer
processes in media containing foreign thermoactive semi-through elements.

Practical value. The developed heat transfer mathematical models enable the assessment of media in terms of their
thermal resistance, contributing to the improved performance of devices containing foreign thermoactive semi-
through elements. This prevents overheating and extends their operational life. The results can be applied to practical
problems of heat exchange and thermal insulation in industrial structures, including predicting temperature fields in
mining equipment mechanisms, ventilation systems, and compressor stations. Implementing the proposed models
improves the efficiency of ore extraction and processing, as well as reduces heat loss in industrial systems.

Keywords: temperature field, material thermal conductivity, structural thermal resistance, thermo-sensitive material,
convective heat transfer

Introduction. The temperature field within mecha-
nisms used in the mining industry is a critical factor in-
fluencing their performance, operational efficiency, and
reliability. Elevated temperatures in equipment compo-
nents can lead to reduced efficiency, increased energy
consumption, and a shortened service life. Therefore,
the study of thermal processes in mining machinery is a
relevant task for ensuring uninterrupted operation and
optimizing performance characteristics.
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The formation of a temperature field in mining
equipment occurs due to heat generation caused by fric-
tion between moving parts, high mechanical loads, en-
vironmental influences, and the operation of electric
motors. Extremely high temperatures are observed in
areas such as drill bit contacts, crushers, conveyor belts,
and bearing assemblies. Heat generation imposes addi-
tional loads on mining machinery, affecting its reliabili-
ty. Studies show that the relative impact of temperature
on equipment failures is greater than that of other fac-
tors such as humidity, vibration, and dust. Without ef-
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fective heat dissipation, mechanisms may overheat, and
localized overheating can result in accelerated wear, loss
of mechanical properties of materials, and even emer-
gency situations.

Various experimental and numerical methods are
used to analyze the temperature field in mining machin-
ery. These include infrared thermography, thermal sen-
sors, thermocouples, as well as computer simulations
based on heat conduction equations. Each method has
its own advantages and limitations and is chosen de-
pending on the operating conditions of the equipment
and the required measurement accuracy.

Temperature field analysis not only allows the deter-
mination of heating levels in specific machine units but
also helps optimize their design for better heat dissipa-
tion. For example, assessing thermal loads in the bear-
ing assemblies of excavators or drilling rigs enables ac-
curate prediction of their service life and timely preven-
tive maintenance. Furthermore, thermal distribution
calculations assist in designing effective cooling systems,
reducing the risk of overheating, and extending the op-
erational life of equipment.

Extensive use of numerical modeling enables the
prediction of temperature regimes in equipment and the
determination of optimal design parameters to enhance
heat dissipation efficiency. One of the important aspects
of thermal analysis is the influence of the surrounding
environment — such as elevated temperatures in under-
ground mine spaces — on the operation of mining ma-
chinery. For instance, in underground conditions where
ambient air temperatures are significantly higher than at
the surface, overheating occurs more rapidly, requiring
specialized cooling measures.

To ensure effective heat dissipation in mining ma-
chinery, various technologies are employed, including
liquid and air cooling, heat-resistant lubricants, thermal
insulation materials, and active temperature control sys-
tems. An equally important task is continuous monitor-
ing of the thermal state of equipment, achieved through
integrated sensors that allow real-time tracking of tem-
perature changes and help prevent accidents.

In summary, the study of temperature fields in min-
ing industry mechanisms is crucial for ensuring their un-
interrupted operation, reducing wear, and increasing re-
liability. The application of modern methods for analyz-
ing temperature regimes and effective heat dissipation
technologies contributes to the development of more
reliable and productive equipment for the mining sector.

Literature review. The analysis of the literature on
heat transfer and thermomechanical processes reveals
substantial scientific contributions in the field of model-
ing temperature fields, mechanical stresses, and tem-
perature gradients in various structural materials and
media. However, most research focuses on general engi-
neering applications, while issues specific to the mining
industry require deeper investigation.

In [1], athermomechanical model suitable for indus-
trial production applications was developed. The non-
linearity of the model is due to the dependence of mate-
rial properties on temperature, while heterogeneity arises
from the structure being composed of different materi-
als. A numerical example for a simplified geometric
structure of blast furnace hearth walls was provided to
evaluate performance according to the developed model.

In [2], a numerical model considering thermal—
fluid—solid interaction was developed for analyzing
thermal stresses in the blast furnace hearth bottom
with typical erosion wear. This model enables the as-
sessment of the influence of various operating param-
eters — such as tapping temperature and cooling inten-
sity — on temperature distribution and thermal stresses
in the furnace lining.

The study in [3] presented a method for modeling
heat transfer in porous materials with temperature-de-
pendent properties. While this approach is intended for
electronics applications, it can be adapted to predict the
behavior of rocks and materials under mining condi-
tions, especially for assessing thermal impacts on min-
ing equipment or underground structures.

The analytical solutions presented in [4] address the
distribution of temperature, displacements, and stresses
in layered plates under thermomechanical loading.
These results can be valuable for analyzing the stability
of retaining structures in mines and quarries, where lay-
ered rocks are subject to thermomechanical effects
caused by changes in temperature regimes.

The reconstruction of temperature fields from limited
observations is important for thermal management of
electronic equipment. In [5], a deep learning method
combining an adaptive UNet and a shallow multilayer
perceptron (MLP) was proposed to transform the prob-
lem into an image-to-image regression task. The adaptive
UNet reconstructs the general temperature field, while
the MLP specializes in accurate prediction of high-gradi-
ent temperature zones. A drawback of this approach is
the need for a large dataset for model training, which is
difficult to obtain under real operating conditions.

In [6], the thermomechanical loads of restrained
columns under longitudinal heating with different
boundary conditions were analyzed. The temperature
distribution was determined using the differential
quadrature method (DQM). The influence of tempera-
ture and material properties on deflection and critical
load was investigated. The main limitation of this ap-
proach is the simplified temperature distribution model,
which does not account for significant gradients that
may arise under critical thermal loads.

Study [7] presented core equations and datasets for a
thermal model predicting temperature fields and heating
rates during localized laser treatment of Fe—C—Ni al-
loys. While the model can be applied to other materials
undergoing solid-state transformations during laser pro-
cessing, the use of averaged thermophysical parameters
introduces errors in the obtained results.

The article [8] developed a model for predicting the
temperature field of a steel plate during roller quenching
to control its shape. The cooling mechanism was ana-
lyzed, and heat transfer coefficients for each surface
were obtained; however, the results exhibit certain inac-
curacies when modeling homogeneous media.

Research [9] examines the influence of boundary con-
ditions on heat exchange rates, which is particularly criti-
cal in mining operations, where temperature gradients
can affect the strength and stability of rock formations.

Thermal process modeling in electronic devices, as
presented in [10 and 11], can be applied to optimize the
operation of sensors and measuring equipment used in
mines under extreme temperature conditions. In [10], a
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thermal model based on infrared camera measurements
was developed, while in [11], a finite-difference model
was used to study device thermal behavior under various
operating conditions, though results exhibited signifi-
cant errors.

The steady-state thermoelastic solution for thick cyl-
inders subjected to pressure and external heat flux on the
inner surface was presented in [12]. However, the influ-
ence of temperature gradients on material deformation
was not considered, reducing the model’s accuracy.

Mechanical defects can cause temperature rises and
thermal stresses in thermoelectric materials, reducing
device reliability. In [13], using the complex variable
method, thermoelectric — elastic fields around an ellip-
tical defect in a two-dimensional thermoelectric plate
were studied. Results indicate that temperature at the
defect tip increases with defect size, potentially exceed-
ing the material’s melting temperature, and stresses may
surpass yield limits — important factors in material fail-
ure analysis.

Thermal analyses of cylinders with varying thick-
nesses made of functionally graded materials subjected
to nonuniform heat fluxes concentrated on inner and
outer layers were carried out in [14, 15]. However, these
studies do not allow for the evaluation of the thermal
state under localized heating.

Functionally graded materials with continuously
varying properties are beneficial for thermal protec-
tion and biomedical applications. In the case of thin
coatings on substrates, conventional mesh discretiza-
tion is inefficient. The approximate transfer method
proposed in [16] uses finite difference concepts to
transfer boundary conditions from coating to sub-
strate, enabling numerical modeling of only the sub-
strate with convection boundary conditions via a hy-
brid finite element method.

In [17], a nonlinear three-dimensional heat conduc-
tion problem was simplified to the Laplace equation us-
ing an intermediate function. A generalized triple func-
tion was proposed, and a general solution to the Laplace
equation was obtained. However, simplifying a nonlin-
ear problem to a Laplace equation may lead to loss of
accuracy in temperature field predictions, as the inher-
ent nonlinearity may not be adequately captured.

The methods in [18] were improved, and new ap-
proaches were developed for creating mathematical
models that analyze heat transfer in piecewise-homoge-
neous media. Two-dimensional and three-dimensional
heat transfer models were presented, with differential
equations containing coefficients dependent on the
thermophysical properties of phases and geometric
structure. Approaches for finding analytical and analyt-
ical-numerical solutions to boundary value problems
were proposed in [19]. Heat transfer processes in homo-
geneous and layered structures with foreign inclusions
of canonical shapes were analyzed in [20].

Linear and nonlinear mathematical models for de-
termining the temperature field and analyzing tempera-
ture regimes in isotropic media with localized heating
were developed in [21]. The obtained results allow the
analysis of heat transfer processes and improvement of
structural thermal resistance.

In [18, 19], little attention was given to models that
account for localized heating, medium heterogeneity,

and the thermal sensitivity of construction materials.
The classical analytical and numerical methods ap-
plied in [20, 21] are insufficient for effectively account-
ing for these factors in individual elements and struc-
tural units used in underground mines and surface
quarries. Therefore, this study proposes a method for
developing heat conduction models that incorporate
these aspects.

Overall, the reviewed publications provide valuable
methodological approaches to modeling thermal pro-
cesses; however, their application to mining industry
conditions requires adaptation and further research,
particularly to account for rock heterogeneity, localized
thermal effects, and long-term temperature changes in
underground structures. Consequently, it is important
to consider the heterogeneity of such elements, the ther-
mal sensitivity of construction materials, and the local-
ity of thermal loading in subsequent studies.

Problem formulation. The object of research and its
mathematical models. The object of this study is the heat
conduction process in isotropic media containing a for-
eign semi-through thermoactive inclusion.

Hypothesis: The investigation considers heat con-
duction in an isotropic three-dimensional medium with
a foreign semi-through cylindrical thermoactive inclu-
sion, within the framework of the classical theory of
heat conduction, where Fourier’s law holds.

Assumptions and Simplifications: the medium is not
anisotropic, meaning that thermophysical parameters
are constant in all spatial directions; the heat conduc-
tion process is steady-state, as temperature variations
are determined solely by spatial coordinates.

To develop linear and nonlinear mathematical mod-
els for determining the temperature field and analyzing
thermal regimes in a medium with a foreign semi-
through thermoactive inclusion, asymmetric unit func-
tions are used. This approach makes it possible to repre-
sent the thermophysical parameters of the construction
materials efficiently, reducing the boundary value prob-
lem to a single heat conduction equation with discon-
tinuous and singular coefficients. For the nonlinear heat
conduction model — arising due to the thermal sensitiv-
ity of heterogeneous material properties — a linearizing
function is introduced.

Case description. An isotropic layer contains a for-
eign semi-through cylindrical inclusion with radius R,
in a cylindrical coordinate system (Or¢z). In the area of
inclusion Q) ={(R, ¢, 1) : 0 < ¢ < 2r} uniformly distrib-
uted internal heat sources with specific power g, = const
are concentrated. On the outer boundary surface
L. ={(r, o, h):0<r<o, <o <20} convective heat
exchange with the surrounding medium at temperature
t. = const occurs according to Newton’s law. The oppo-
site surface L_={(r, ¢, =) : 0 <r<oc, 0 < @ < 2m} is
thermally insulated. On the inclusion surface Kz = {(R,
0, 7):0< 0 <2n, 0 <z<h}ideal thermal contact is as-

sumed (R, ) = 1<,(R, 2), &, 200D g D g
or or
r=R 0< ¢ <2n 0<z<hand t(r, 0) = £,(r, 0),
éo ato(r,Z) — él at](r)z) fO
0z 07
Here A, A, are the thermal conductivity coefficients
ofthe layer and inclusion materials, respectively; #,(r, 0),

rz=0,0<r<o0,0<@<2m.
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Fig. 1. Isotropic layer with a thermally active semi-
through inclusion

t,(r, 0) are the temperatures on the inclusion surface
r=0 (Fig. 1).

In the above structure, the temperature distribution
t(r, 7) in spatial coordinates r, z is determined by solving
the heat conduction equation

%div[rk(r,z) grad0(r,z) |=-¢,S_(R-r)S_(2), (1)

with boundary conditions

o) =0 2Dy,
e or r—w (2)
, 2D =ab(r,2) _; By,
az 2=h w=h az 7=—1

where A(r, ) is the coefficient of thermal conductivity of
the inhomogeneous layer; o is the coefficient of heat
transfer from the boundary surface of the layer L,; S.(C)
are asymmetric unit functions

1, >0
S,(¢)=40.5%0.5, ¢=0.
0, £<0

An isotropic thermosensitive (thermophysical pa-
rameters of structural materials depend on temperature)
layer containing an alien semi-through thermally active
cylindrical inclusion is presented. Taking into account
the thermosensitivity of the materials of the medium,
the conditions of ideal thermal contact on the surface of
the inclusion K will have the form 7,(R, 7) = t,(R, 2);

0ty (r,2) o1,(r,2)
or or

Ao(®) =2 (7) , for r = R and #,(r, 0) =

ot(r,2)
oz

=1,(r, 0), 2o (®) =)

0ty (r,z)
forz=0.
5 orz

Here, A,(f), A(?) are the thermal conductivity coef-
ficients of the layer and inclusion materials, respectively
(Fig. 1).

The temperature distribution #(r, z) in the spatial co-
ordinates r, zin the above construction is determined by
solving the nonlinear heat conduction equation

%div[rk(r,z,t) grad#(r,z) | =-4,S_(R-r)S_(2), (3)

with boundary conditions

Wro)| _ =t; % =0;
F—0 (4)
a3y, M,)M :a(;(r,z)L:h_;c),
oz 7=l 0z z=h

where A(r, z, ) is the thermal conductivity coefficient of
the inhomogeneous thermally sensitive layer.

Linear mathematical model for determining the tem-
perature field in a layer with a semi-through cylindrical
inclusion heated by a heat flux. The thermal conductivity
coefficient of the layer with a foreign thermoactive in-
clusion is expressed as

Mr, ) =2+ g —2)S_(R—1S_(2). (5)
A function is introduced
I(r, 2) = Mr, )0(r, 2), (6)

and differentiating it with respect to »and z and taking into
account the expression for A(r, z) (5). As a result, the ratio

o0(r,z) _

or
- %on ~1,)6(r2)| _ 8, (r=R)S_(2);
00(r,z)

oz

Mr,z2)

(7)
Mr,z)

=Ly 002, S (R=)5 (@),
Z Z

is obtained.

denotes asymmetric Dirac del-

Here 8,(C)= %

ta functions.

As a result of substituting expressions (7) into rela-
tion (1), we obtain a second-order partial differential
equation with discontinuous and singular coefficients

AT+ (ko= M) F(r, 2) ==qoS(R-1)S(2),  (8)

where
Frn)=Rotr,0|_8,0-RS.(2)-
A=A - ©
- 9(r,z)|z=0 S (R-r)d (2);
1o o), & . P
= —_— —_— +_, -
prm {r arj Py is the Laplacian in cylindrical co
ordinates.

Unknown functions 0(R, z), 6(r, 0) are approximated
by piecewise-constant functions with respect to z and r

n—1
0(R,2)=0,+ (0, -0,)S_(z—2,);

i=l

k=1 (10)
0(r,0)=6,+ > (6,,,—0,)S_(r—r)).
j=1
Here
7€ (0 h); 71<5<..<g,.4;
"}E(O,R); I’ISFZS...SFk,l,

where n, k are the numbers of interval subdivisions

(0 h), (0; R); 0,i=Ln), 0,0/ =1,k) are unknown ap-
proximation values (R, z), 0(r, 0).
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After substituting expressions (10) into equation (8),
we obtain a second-order partial derivative equation
with a discontinuous and singular right-hand side

AT=(hg=M)Fi(r, 2) —qoS(R-1S(2), (11)
where
F(r,2)=06(r,0)S_(R—r)3' (z)—

_ ée(R,z)BL(r—R)S-(Z)-

The Henkel integral transformation in the coordi-
nate r is applied to equation (11) and boundary condi-
tions (2) taking into account relation (6). As a result, an
ordinary second-order differential equation with con-
stant coefficients and a discontinuous and singular
right-hand side is obtained.

d*T
dz?

8_(2)

_§2T=(7bo_)‘1)|:14 _A(Z)S_(Z):|_
(12)

—%L(Rm(z),

and boundary conditions

dT(2) dT(2)
dz dz

a —_—
:—x—lT(z)L:h. (13)

=1 z=h

— R
T(z)=é{(xo —M)[ABI(Z)—RJI(Ri)(Bz(z)+B;(z))}—??ﬂ(%)&(z)}

Here
B(z) =ch&z8_(2) + B, E(2);
By(z) =6,[(ch&z - 1)S_(2) + B,E(2)];

n-1
By(2)=(6,,-0,)[ (ch&(z—2)-DS_(z-2)+ D,ER)];
i=l

By(z) = (ch&z - 1)S(2) + B E(z);
~ A Esheh—achh
L E—a)eE @ (L g+ a)e
_ Mgsh&h—a(chEh-1)
2 (M E— )t (L E+a)e
EQ) = 5 +2h) _ efiz;
p _MEsh&th—z)—alchgh-z)-1)
! (e o)es M+ a)e

The inverse Henkel integral transformation is applied to
relation (14) and, as a result, we obtain

T(r,2)= [&)(rOT (&, )dE. (15)
0

Unknown approximation values 6,(i=1,n) and
0,(j=Lk) and temperature 0(R, z) and 0(r, 0) deter-
mined by solving a system of # + k linear algebraic equa-
tions are obtained after some mathematical transforma-
tions from expression (15).

As a result, the desired temperature field in a layer
with a semi-through thermally active cylindrical inclu-

Here

k-1
A=R6,J\(RE)-D r;0,,-6,)J,(r;f);

Jj=1

n-1
A(z)=REJ, l(Ré){el +2.(6,,,-6)S (z —z,-)}
i=1

?(i,z){[ﬂo(ri)T(r,z)dr is the Hankel transform of
0

T(r, 7z); & is the Hankel transform parameter;
0 , (x 2)v+2n
J, ()= (-1 el

par n(v+n)!
first kind of order v.
The general solution of equation (12) is determined
by the method of variation of constants

is the Bessel function of the

T(2) = % +cye % +(hy 1, )A3(z)—%J1(R§)A1(z),

ché&z

R
where Ay(2) = A==5 ()=, (Re)[ 0,4,(2)+ A,(2) |;
A1(z) = (ch& - D{S_(2).
Boundary conditions (13) were used and, as a result,
the solution of problem (12, 13) was obtained in the form

(14)

sion is expressed by formula (15), from which the tem-
perature value at an arbitrary point of the “layer-inclu-
sion” structure is obtained.

Nonlinear mathematical model for determining the
temperature field in a thermosensitive layer with a semi-
through cylindrical thermoactive inclusion. The thermal
conductivity coefficient for a thermosensitive layer with a
foreign cylindrical thermoactive inclusion is expressed as

Ar, 2, 1) =i (0) + [Ro(2) = M (D)]S(R = 1)S_(2). (16)

A linearizing function is introduced

0 1(R,2)

1(r,2) 1(r,2)
%ra)= | x,(c>dc+{ [ [H@-1@)]de-
(17)

t(r,0)

i [xo(c;)—xl@]dg}s(R_r)S(z),

1(R,0)

after differentiating which with respect to the variables
and z, the relation is obtained

ot(r,z) _ 03(r,z) N

Mr.z.0) or or
+ {[KO(I)—MU)J at(ar;z)} . OS,(R—”)S,(Z);
MR20) 61(22) _ 68‘(91;&) N
ot(r,z) (1)
+ {[}\«0(1‘)_}\«1(1‘)]6—,} Sf(R_r)Sf(Z)'
< r=R

Taking into account expressions (18), the original
equation (3) is transformed to the following form
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OK(r,2)

10
A8+;5{r[k0(t) (r)] S (R- r)}

z=0

=—q,S_(R-1r)S_(2).

The linearizing function (17) made it possible to
transform the boundary conditions (4), which took the
following form

09 09
9(r, Z)|Hoo _ (r,Z) =0; M =0; (20)
or |row 07 |-y
98(r,2) =a(t|z:h —1,)—-
% e 1)

_ {[7\’0(2«) l(t)] at(r Z)}

As a consequence, the nonlinear boundary value
problem (3, 4) is reduced to a partially linearized sec-
ond-order partial differential equation with discontinu-
ous coefficients (19), linearized boundary conditions
(20), and partially linearized boundary condition (21).

Unknown functions #(R, z), #/(r, 0) and #(r, h) are ap-
proximated by piecewise-constant functions along the z
and r coordinates.

H(R,7)=t, +Z( 1 —1)S (2-2);

(22)
1(r,0)=1, +Z(tj+l —1))S_(r—r,);
j=1
-1
H(r,h)=t, +pZ:(t,+1 —1)S_(r—n), (23)
1=l

where z; € (0; h1); 2 <5< ...<z,_1; 1€ (0; R); r, € (0;
0); 1 <1y <...<r._y;n, k, p are the division numbers of
the intervals (0; 4), (0; R), (0; r); r* is the value of the
radial coordinate at which the temperature at the bound-

ary surface of the L, layer is practically zero; ¢ (i =1,n),

t;(j=Lk), 1,(j=1,m) are unknown approximate val-
ues of temperature #(R, z), t(r, 0), t(r, h).

The functions #(R, z), t(r, 0), described by relations
(22), are differentiated with respect to the variables zand
rrespectively. As a result, we obtain

oH(Rz) & ~ .
0z - ;(tnl ti)S,(Z Z,»),
k-l
M:Z(tjﬂ_t/)S_("—I‘j). (24)
or =

As a result of substituting expressions (23, 24) into
relations (19 and 21), a second-order linear differential
equation with partial derivatives and a discontinuous
and singular right-hand side with respect to the linear-
izing function 3(r, z) is obtained

lk 1
:_7;; &1 Rt =t

n—1
xS (S (r=r,)= 2 (tr =1, ) Roti) =2y (1) |x - (25)
i=1

xS (R=r)8 (2-2;) =4S (R-r)S_(2),

o
S(z)+a—z{[ RO (z)] Zs (Z)}r_k S(R-n=" g
with linear boundary condition
By, (26)
07 |y

The Henkel integral transformation in the coordi-
nate r is applied to equation (25) and boundary condi-
tions (20, 26), resulting in an ordinary second-order dif-
ferential equation with constant coefficients and a sin-
gular right-hand side

R n-l1 z (27)
= _EJ I (RE.,){ZA,-&(Z —Z,)+ qoS(z)} —EAS_(2),
i=1
and boundary conditions
d9(z) _ d9(z) _B
dz |y dz | & e

where
A=ty - D)ot ) = M4 D]

A= Zr T8t =) () =M (150 |

p-1
=(t,~1.)8,(8)~ ZI}JI(r,&)(tM —1)
I=1
The general solution of equation (27) is defined as
9(z) =65 +cpe 5 —

n-l
- é{R‘ll (R§)|:2Aich§(z -7)8(z-2)-

i=1
q
——g(chE_,z—l)S_(z)]+ A(chE_,z—l)S_(z)},
g

and using boundary conditions (28) we find the integra-
tion constants ¢, and ¢,. As a result, we obtain the solu-
tion to problem (27, 28)

AB RJ R AB; ——B
0= é (2)+ RJ( i){; (2) 2 (z)} 9
—aBP(z)
Here

B(z) = P(z) sh&h — (chéz - 1)S8.(2);
B(z) = P(z) sh&(h —z;) —ch&(z— z)1{S (2 - 2);

_ Ch&(z+1)

PRO= i1y

The inverse Henkel integral transformation is ap-
plied to relation (29) and the expression for the lin-
earizing function J(r, z) is defined in the following
form
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8(r,2) = [£/,(r8)9(z)de. (30)
0

To determine the unknown approximate values f

(i=Ln), t;(j=Lk), 1,(j=1,m) of temperatures #(R, z),
t(r, 0), t(r, h) after certain mathematical transforma-
tions, a system of nonlinear algebraic equations is ob-
tained as a result of substituting the expression of the
temperature dependence of the thermal conductivity
coeflicient of the layer materials and including it in the
relations (17, 30).

The sought temperature field #r, z) for the given
structure is determined using the obtained nonlinear al-
gebraic equation with the help of relationships (17 and
30) by substituting into them the specific expression for
the temperature dependence of the thermal conductivi-
ty coefficient of the materials in the structure.

Partial example. In many practical problems, for cer-
tain construction materials, a linear temperature depen-
dence of the thermal conductivity coefficient is used in
the form of the following relation

A=20 (1-k, 1), 31)

where A%k, are the reference and temperature coeffi-
cients of thermal conductivity of the materials for the
inclusion (m = 0) and the layer (m = 1).

Using relation (17) for the linearizing function, from
expressions (30, 31) we obtain formulas for determining
the temperature #(r, z) in the inclusion region

{(r,0,2) :r<R,0<p<2n, z< hy;

1 2
H(r,z2)=—] 1- |1-k, S(Z’Z) +9+9(1N+9(2) | |, 32)
ky Ao

and in the area outside the inclusion {(r, ¢, z) : r> R,

0<o@<2ni,-I<z< h;

1 [ 2ks02)
t(r,z)_k1 [1 1 e J (33)

where 8 = 1,(A; — t,kA); 8(r) = 1(r, 0)[((r, 0)kL — AJ];

0
9(@) = 1R, IR, Dk - Al 7wj=2(%—1}

0 0
ki = %kl — k.
0

Formulas (32 and 33) describe the temperature field
in a thermally sensitive “layer-inclusion” structure.

Analysis of numerical results. A numerical analysis
of the dimensionless temperature * = Ay/(g,R) was
performed for the following initial data: layer material
is VK94-1 ceramics, inclusion material is silver,
h=R=2mm, /=0 mm, g,=200W. In the tempera-
ture range [20 °C; 1,230 °C], the temperature depen-
dences of the thermal conductivity coefficient for the
above materials are performed by interpolation and
will be as follows

() = 13.67(1 — 0.000647);
Ao(7) =422.54(1 - 0.000317),

which is a partial case of relation (31).

(34)

Numerical calculations of the dimensionless tem-
perature ¢ as a function of the dimensionless radial co-
ordinate * = r/R and axial coordinate z* = z/R were car-
ried out for both the linearly varying and constant ther-
mal conductivity coefficients (A, = 13.4 W/(deg - m),
Ao = 419 W/(deg - m)). The results indicate that maxi-
mum temperatures occur in the region affected by con-
centrated internal heat sources, consistent with the
physical model of the heat transfer process.

The number of divisions n = k = p =10 intervals (0; &),
(0; R), (0; ) respectively, for the given values of ther-
mophysical (reference X?n and temperature k,, coeffi-
cients of thermal conductivity for materials of the layer
(m =1) and inclusion (m = 0)) and geometric (radius R
and inclusion height 4, layer thickness /+ /1)) parameters
of the structure made it possible to perform calculations
with an accuracy of ¢ = 107°.

The results obtained for the selected materials with a
linear temperature dependence of the thermal conductiv-
ity coefficient differ from the results obtained for a con-
stant thermal conductivity coefficient by 7 %. Their slight
difference is explained by the fact that the values of the
temperature coefficient of thermal conductivity for the
given materials, as shown by the relation (34), are small.

Discussion of results. The boundary value problems
of thermal conductivity are formulated in accordance
with the real physical process that occurs in the consid-
ered media. As a result, the differential equations of heat
conduction and boundary conditions strictly describe
mathematical models of the stationary heat conduction
process, which correspond to the physical process.

In the above studies, asymmetric unit functions were
used, which made it possible to effectively describe the
thermophysical parameters of a medium with an alien
semi-through inclusion and local temperature perturba-
tions, as a result of which the obtained partial differen-
tial equations contain discontinuous and singular coef-
ficients. To linearize the nonlinear boundary value
problem (2, 3), a linearizing function (17) was intro-
duced, which made it possible to effectively obtain the
corresponding quasilinear boundary value problem
(19-21). A segment-constant approximation of the
temperature as a function of spatial coordinates on the
inclusion surfaces and the boundary surface of the layer
was performed, which subsequently made it possible to
apply the Henkel integral transformation and, as a re-
sult, obtain analytical-numerical solutions (15, 30) of
the boundary value problems. The temperature distri-
bution is determined by relations (19, 32, 33).

It should be noted that the above-mentioned ana-
lyzed works did not consider an approach for linearizing
boundary value problems of thermal conductivity for
thermally sensitive media by an analytical method. Un-
like [3], where a homogeneous medium was considered
and the use of the Kirchhoff transformation made it pos-
sible to linearize the boundary value problem. In the
above studies, a new linearizing function was introduced,
the application of which to nonlinear problems made it
possible to effectively obtain their analytical and numeri-
cal solutions. And this, in turn, leads to a minimal error
in the obtained results, in contrast to the use of numeri-
cal methods, which was not achieved in [4, 5]. The use of
asymmetric unit functions makes it possible to effective-
ly describe thermophysical parameters for media with

40 ISSN 2071-2227, E-ISSN 2223-2362, Naukovyi Visnyk Natsionalnoho Hirnychoho Universytetu, 2026, N° 1



foreign semi-through inclusions, which leads to the solu-
tion of a single differential equation of heat conduction
with partial derivatives with discontinuous and singular
coefficients, which was not done in [6].

The presented studies concern only the stationary
process of thermal conductivity and these studies were
performed for media with foreign semi-through inclu-
sions. In the future, such studies can be continued for
layered media with foreign semi-through inclusions, for
non-stationary heat conduction processes, as well as for
anisotropic layered media with foreign semi-through in-
clusions.

Since the architecture of modern electronic devices
concentrates individual thermally active nodes and their
elements in the form of structures with foreign semi-
through inclusions, there is a need to develop mathe-
matical models of the thermal conductivity process.
These models can be linear or nonlinear for isotropic
layered media containing foreign semi-through inclu-
sions. The mathematical models of thermal conductivi-
ty presented in the conclusion are simplified, but they
allow for the development of more complex mathemati-
cal models of the thermal conductivity process for com-
posite media.

Based on the obtained analytical and numerical so-
lutions for both linear and nonlinear boundary value
problems of heat transfer, it is proposed to develop com-
putational algorithms and software tools for their nu-
merical implementation. This will allow for research
into the impact of thermal sensitivity on temperature
distribution for a range of materials used in the design of
digital electronic devices.

It is proposed to take into account the presence of
semi-through foreign inclusions in isotropic media and
the thermal sensitivity of structural materials for the
analysis of thermal regimes, which significantly compli-
cates the process of solving the corresponding linear and
nonlinear boundary value problems of thermal conduc-
tivity. The sought solutions to these problems describe
the behavior of temperature as a function of spatial co-
ordinates somewhat more adequately to the real physi-
cal process.

The study was performed for a stationary heat con-
duction process, as a result of which the developed
models are limited, since they allow determining the
temperature change only by spatial coordinates. Heat
conduction problems contain boundary conditions of
the first, second, and third kind on the boundary sur-
faces of the media, which is a disadvantage, although
this does not reduce the generality of the research.

Further research may concern the development of
mathematical models for determining temperature fields
in layered media with foreign semi-through inclusions
for the unsteady process of thermal conductivity and for
more complex boundary conditions.

Conclusions. A linear mathematical model has been
developed for determining the temperature field and
subsequently analyzing the thermal regimes in the struc-
tures of electronic devices containing a foreign thermo-
active semi-through inclusion. An analytical-numeri-
cal solution to the corresponding boundary value prob-
Iem has been obtained, and based on it, the temperature
behavior as a function of spatial coordinates has been
determined and represented graphically.

A nonlinear mathematical model has also been devel-
oped for determining the temperature field and analyzing
the thermal regimes in thermosensitive structures of elec-
tronic devices containing a foreign thermoactive semi-
through inclusion. A linearizing function was introduced,
enabling the nonlinear boundary value problem to be
transformed into a quasi-linear one. For the case of a lin-
ear temperature dependence of the thermal conductivity
coefficients of the structure’s materials, an analytical—
numerical solution to the corresponding boundary value
problem has been obtained. This solution makes it pos-
sible to determine the temperature both inside the inclu-
sion and in the surrounding base material.

The temperature behavior as a function of spatial co-
ordinates has been visualized for both constant thermal
conductivity coefficients and those linearly dependent
on temperature. The results for the selected materials
show that, under a linear temperature dependence of
thermal conductivity, the deviation from the results ob-
tained for constant thermal conductivity is 7 %.
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«JIbBiBCbKa TOJNITEXHiKa»,

Merta. Po3po0ieHHs JiHIMHUX 1 HeJIiHIHHUX MaTe-
MAaTUIHUX MOIEJIeH BU3HAYCHHS TeMIIepaTypHUX I10-
JIiB B i30TPOITHUX IIPOCTOPOBUX CEPEIOBUIIAX i3 TyKO-
PIIHUMU TEIJIOAKTUBHMMH HaIliBHACKPI3HUMU eJie-
MeHTaMu. Lle 103BOUTh NiABUIIIUTY TOUHICTh aHai3y
TeMIIepaTypHUX PeXUMiB YHACIiIOK TEIJIOBUX HaBaH-
TaXXeHb i CIIPUITUME BAIOCKOHAJIEHHIO METO/IiB ITPOEK-
TYBaHHSI IPUCTPOIB, OKPEMi BY3JIU SIKUX MICTSTh Uy>KO-
PiIHI TEMI0AKTUBHI €JIEMEHTH.

Mertonuka. g BU3HAYEHHSI aHAJITUYHO-YMCIIO-
BUX PO3B’SI3KiB JIiHiIIHOI i1 HEeJIiHIIHOI KpalioBUX 3a1a4
TETJIONPOBIAHOCTI BUKOPUCTAHI aCUMETPUYHI OIU-
HUYHI GYHKIIT. Y HacaiaKy KoedillieHT TeruIonpoBi-
HOCTI JJIs1 KOHCTPYKIIil i3 4y>XOpiZHMUM HaIliBHACKpi3-
HUM OUWIIHIPUIHUM eJIEMEHTOM TIPEICTABICHUN €1~
HUM UM, Takuii migxig 3abe3nedyye BUKOHAHHS
YMOB i/I€aIbHOTO TEIJIOBOrO KOHTAKTy Ha MOBEPXHSIX

CIIPSKEHHST HEOTHOPITHUX MaTepiajliB CTPYKTYPH, IO
MIPUBOINTH IO PO3B’SI3yBaHHS OTHOTO DPiBHSIHHS Te-
TTOTIPOBITHOCTI 3 PO3PUBHUMM i CUHTYJISIDHUMU KO-
diuienTamu. s po3s’s13yBaHHS HEJiHiTHOT KpaioBO1
3a/1a4i 3arpoBaIKeHa JiiHeapusytoda (yHKIIiS, 1110 Ja€
3MOTY OTpUMAaTH JiHiliHe nudepeHUialbHe PiHIHHSI
JIPYroTro MOPSIAKY i3 YaCTKOBUMMU TIOXITHUMU i pO3-
PUBHUMU Ta CUHTYJISIPHUMHU KoedillieHTaMu i1 KBasi-
JIiAiHY KpalloBy Ha YMOBY. YHAaCIiIOK BUKOHAHOI
arnpoKcHUMallil TeMIiepatypu, ik GyHKIIi1 TPOCTOPOBUX
KOOpIWHAT Ha TTOBEPXHi BKITFOUCHHS Ta TPAaHWYHIl 10~
BEPXHi LIapy CerMEeHTHO-CTAIMMU (DYHKIIIMU, Heli-
HillHa KpaiioBa 3amaya iJIKOM JliHeap1u30BaHa.

PesynbraT. Po3po0iieHi jiHiliHa 1 HeJliHiliHA MaTe-
MaTUYHi MoJedi BHU3HAYEHHS TEMIIepaTypHOIO IOJs
1 aHaJTi3y TeTUIOBUX PEXUMIB y TIPUCTPOSIX, OKpEMi By3-
JIN SIKMX MICTSITh Yy>KOpigHE TEIIOAKTUBHE HaITiBHA-
CKpi3He BKJIIOYEHHS. 3amnpoBakKeHa JiHeapu3yroda
(YHKIIIS 1T CIIPOLLIEHHS HEeTiHIMHOI KpalioBoi 3a1ayi.
OTprMaHi aHAJTITUYHO-YUCIIOBI PO3B 3K SIK JIiHIIHOI,
TaK i HeJIiHITHOI KpalloBUX 3aa4 TEIUIONIPOBIIHOCTI, Ha
OCHOBI SIKMX BM3HauyeHa rpadiuHa noBeaiHKa TeMIiepa-
TypH K (DyHKILiT TPOCTOPOBUX KoopAUHAT. [TopiBHSLIb-
HMI1 aHaIi3 [TOKa3aB BiAMIHHICTb Y 7 % MixX pe3yibraTa-
MM JUJISI CTaJIOro ¥ JiHiifHO 3MiHHOTrO KoedillieHTa Te-
TJTONTPOBIMHOCTI, 1110 MOSICHIOEThCSI HEBEJIMKUMU 3Ha-
YEeHHSIMU TeMIIepaTypHOro KoedillieHTa TerIonpoBia-
HOCTI 17151 BUOpaAHUX KOHCTPYKUIHHUX MaTepialliB.

HaykoBa HoBH3HA. 3apoBaIKeHO METO. JliHeapu-
3allii HeJIiHIMHOI MaTeMaTU4YHOI MOJedi Ipolecy Te-
TUIONPOBITHOCTI. 3aIPONOHOBAHO CITOCIO BUBHAYEHHS
y  3aMKHYTOMY BHIJISIOI  aHaJTiTUYHO-YMCIOBUX
PO3B’SI3KiB BIiIITOBITHUX JIiHIITHOI Ta HEJiHiiTHOI Kpa-
MOBUX 3ama4y. BUKoprucTaHHS acCUMETPUIHUX OTUHNI-
HUX (HYHKIII 12710 3MOTY 3a0€3MeYUTHU KOPEKTHUI Ma-
TeMaTUYHUI OMKUC TEIJIOOOMiHHUX TIPOLIECIB Y Cepel-
OBMILIAX 13 UYYXOPiTIHUM TEIJOAaKTUBHUM HariBHa-
CKPi3HUM €JIEMEHTOM.

IIpakTiyna 3HAYMMiCTb. [3 BUKOpUCTaHHSM PO3pPO-
OJIeHUX MaTEMAaTUYHUX MOJIeJIeil TEIMIO0O0OMiHY € MOXK-
JIMBICTb aHATi3yBaTU CEpeIOBUIIA IIIOA0 iX TEPMOCTIli-
KOCTI, 1110 CIIPUSIE MiABUIIIEHHIO e(heKTUBHOCTI pOOOTU
MPUCTPOIB, OKPEMi BY3JIM SIKMX MICTSITh UYY>KOPiJIHi Te-
IUI0OAKTUBHI HalliBHACKpi3Hi eneMeHTH. Lle 3amobirae
MeperpiBaHHIO Ta MPOJOBXYE TEPMiH iX eKCIUTyaTallil.
Pesynbratit mociimkeHHS MOXYTb OyTH 3aCTOCOBaHi
y OPaKTUYHUX 3aJa4yax TEIUTOOOMiHY 1 Terui0i3ouisii
MPOMMCJIOBUX KOHCTPYKIIiii, Y TOMY YMCIHi ST TIPO-
THO3YBaHHSI TeMIIepaTypHUX IOJIiB Y MeXaHi3Max Tip-
HUYOro oOJagHAHHS, BEHTWISILIAHUX CHUCTeMax
i KOMIIPECOPHUX CTaHLisIX. BukopuctaHHs 3ampormno-
HOBaHUX MOjeJiell CIIpusie MiABUILEHHIO e(heKTUBHOC-
Ti TIpolieCciB BUIOOYBaHHS i1 OOPOOKM pyIM, a TaKOXK
3MEHIIEHHIO BTpaT TEIUIOBOI eHeprii y MpOMUCIOBUX
cHucTeMax.

Kimouosi ciioBa: memnepamypre noae, menaonpogio-
Hicmb Mamepiany, mepmoCcmillKicms KOHCMPYKYILL, mep-
MOYYmMAuGuUll mamepian, KOH8eKMUBHUL Mena000MiH
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