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Purpose. Solution of the three-dimensional nonlinear problem of external ballistics and development of an approximate math-
ematical model of the dynamic process for cargo falling from low-speed aircraft, which makes it possible to obtain an analytical
solution, which is possible in combination with a geometric representation of the dynamic process using computer algebra.

Methodology. Utilizing a blend of analytical and numerical research algorithms, an innovative model was devised, grounded
in a nonlinear system of differential equations characterized by time-varying coefficients. The applied three-dimensional ap-
proach to the dynamic problem with an initial velocity from a UAYV, in the presence of frontal and side wind loading, made it
possible to use the nonlinear theory of external ballistics. This streamlining of the problem involved solving a related system of
differential equations with variable coefficients along corresponding coordinates, leveraging an asymptotic approach. Further-
more, the formulation of the problem incorporated applied mathematical analysis and modeling, accommodating various perti-
nent environmental parameters.

Findings. The creation of mathematical models and algorithms for calculating the parameters of the dynamic process of falling
loads from low-speed aircraft within the framework of the theory of nonlinear external ballistics is an urgent problem both from
the point of view of the development of the dynamic theory of the specified class of systems, and the creation of effective calcula-
tion algorithms with the possibility of practical application. As a result of the research, characteristic valuations of the influence of
variable coefficients on the results of estimated accuracy of landing as a derivative of time were obtained. The obtained analytical
and graphical dependences with the provision of appropriate assessments of the applied approach make it possible to establish the
correlation of methods and results.

Originality. The relevance of scientific research in the field of nonlinear external ballistics is based both on the internal trends
of the development of this science and on the urgent needs of modern industry. In this paper, an approximate analytical solution
of the nonlinear problem of external ballistics is proposed, which is subject to the applied conditions of motion. The resulting
dependencies made it possible to establish the relationship between the parameters and find the degree of their influence on the
landing time function.

Practical value. The derived analytical findings and solution methodology can be integrated into practical applications within
the realms of mathematical physics and engineering computations. This is particularly pertinent in the advancement of control

algorithms for ballistic systems.
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Introduction. Unmanned Aerial Vehicles (UAVs) are uti-
lized for a multitude of industrial, military, and commercial
purposes [1]. Their deployment in place of manned aircraft for
these tasks minimizes the risk to human lives while simultane-
ously keeping operational costs low: manned aircraft require
significantly more fuel, higher rental costs for planes or heli-
copters, and greater logistical support. UAVs offer several dis-
tinct advantages, including the ability to access natural and
hazardous areas that are difficult or impossible for manned
aircraft to reach, high mobility to perform air missions, and
the capability to deliver cargo to specified targets according to
pre-programmed control instructions [2, 3]. Advances in
modern technology and trends in the development of perti-
nent scientific fields, such as nonlinear mechanics, control
theory, miniaturization, and the computerization of complex
systems, have enabled the creation of highly effective UAVs in
terms of tactical and technical characteristics (TS), operation-
al potential, and cost-effectiveness.

The utilization of air vehicles for cargo delivery to specific
targets can be approached in two ways: either by halting over
the target or following a traditional drop trajectory. In the for-
mer, the load behaves like a free-falling body, whereas in the
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latter, the cargo, moving as one unit with the air vehicle, fol-
lows a defined curve during descent. At low speeds (up to
50 m/s) and altitudes (up to 200 m), one of the main chal-
lenges in achieving delivery accuracy is wind presence. The
vertical component of air resistance decelerates the fall, while
the horizontal component steepens the trajectory compared to
a vacuum parabola, causing a lag. The load’s fall speed in-
creases until air resistance, which grows with the square of the
speed, balances the load’s weight.

Modeling the complete flight dynamics of an air vehicle,
coupled with environmental factors, involves a multidimen-
sional and highly complex nonlinear system of equations,
necessitating the development of advanced guidance algo-
rithms. Therefore, it is more practical to consider low-order
nonlinear equations to model behavior within a closed con-
trol loop system.

Despite their numerous advantages, UAVs face several op-
erational limitations stemming from critical challenges. These
challenges include ensuring flight autonomy, dealing with ad-
verse weather conditions, creating accurate programmable
movement trajectories, extending the service life of energy
sources, handling limited payload capacity, and maintaining
optimal speed to reach targets. The precision of cargo delivery
to the designated destination is a crucial parameter that sig-
nificantly influences the overall performance of the UAV.
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Achieving this precision requires a robust algorithm to accu-
rately calculate dynamic characteristics.

There exists a classification system for UAVs based on var-
ious features and intended purposes. For instance, paper [4]
explores several design types: fixed-wing UAVs, single-rotor
helicopters, hybrid designs, and multicopter systems, each
deemed effective based on their control mechanisms and high
positioning accuracy.

The UAYV control system is typically composed of three
distinct subsystems: the target recognition and position esti-
mation subsystem, the cargo drop planning subsystem, and
the guidance and control subsystem. The target recognition
and position estimation subsystem is responsible for determin-
ing the fixed coordinates of the ground target. The cargo drop
planning subsystem calculates the optimal path from the
UAV’s current position to the ideal drop point, where the UAV
should release its cargo. The guidance and control subsystem
then calculates the guidance algorithm along the line of sight
of the cargo’s landing point. The UAV operator, who receives
set values from the target recognition and position estimation
subsystem, handles the low-level control of the UAV. This op-
erator also transmits wind parameters to the cargo drop plan-
ning and guidance and control subsystems. UAVs can be re-
motely controlled using various electronic devices such as mi-
croprocessors and sensors [5].

Fig. 1 illustrates the general architecture of a UAV, high-
lighting the communication channels between the satellite
and the ground control system. This architecture enables
seamless coordination and execution of the UAV’s mission,
ensuring that all subsystems work together harmoniously to
achieve the desired operational outcomes. The integration of
advanced technologies and control algorithms within this ar-
chitecture underscores the sophistication and capability of
modern UAV systems.

Literature review. In general, the problem of accurate car-
go delivery consists in bringing the aircraft to a calculated
point in space, when dropping from which it is ensured that
the free-falling cargo hits the target. The paper [6] describes a
military high-precision system of aircraft using a controlled
parachute to direct the cargo to the target.

To accurately capture and comprehend the dynamic be-
havior of an air vehicle and its associated cargo, multiple coor-
dinate systems are typically needed. These systems are inter-
converted through two fundamental operations: rotation and
translation.

The objective of this study is to mathematically simulate
and analyze the dynamic characteristics of a load considering
the velocity of its carrier. This involves accounting for the in-
fluence of external environmental factors and identifying the
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Fig. 1. Architecture of the UAV system

elements that impact the operational characteristics and the
parameters of the system’s dynamic control. For instance, the
authors of the study [7] present the results of modeling in
which a probabilistic operation planner is used for unguided
landings with parachutes. Optimization of the movement dis-
tance required for cargo delivery using parachute landings is
considered in [8].

It should be noted that these studies are intended, mainly,
for manned aircraft of high speed and significant heights of
dropping cargo. From the point of view of mathematical mod-
eling of the dynamic process of such systems and the solution
of the corresponding related nonlinear system of differential
equations, as a rule, direct numerical, hybrid analytical-nu-
merical or combined algorithms are applied with the use of
design experience and experimental data.

Purpose. Statement of the three-dimensional nonlinear
problem of external ballistics and an approximate mathe-
maticalr model of the dynamic process for falling cargo from
low-speed aircraft, which makes it possible to obtain an ana-
Iytical solution and, in combination with a geometric repre-
sentation of the dynamic process using computer algebra, to
obtain analytical and graphical dependencies with the provi-
sion of appropriate assessments of the applied approach are
proposed.

Methods. In the paper [9], a methodical approach to solv-
ing the problem of aiming during the delivery of cargo by para-
chute from transport UAVs was developed. The solution of the
aiming problem is reduced to the calculation of the required
longitudinal and lateral coordinates, determination of the mo-
ment of reset by comparing them with the current longitudinal
and lateral coordinates (distances) of the UAV to the specified
point of fall, which ensures the hitting of the free-falling cargo
at the specified point [10, 11].

The creation of mathematical models and algorithms for
calculating the parameters of the dynamic process of falling
loads from low-speed aircraft within the framework of the
theory of nonlinear external ballistics is an urgent problem
both from the point of view of the development of the dynam-
ic theory of the specified class of systems, and the creation of
effective calculation algorithms with the possibility of practical
application [12, 13].

Results. The problem of determining the parameters of ex-
ternal ballistics and the functioning of real structures of UAVs
and cargo in the presence of an initial speed in the conditions of
atmospheric pressure, frontal and side wind load is connected
with the need to integrate a spatial system of nonlinear differen-
tial equations, which is a rather difficult task when using direct
numerical approaches, especially if it is necessary to obtain es-
timates of the efficiency of the calculation algorithm. It should
be noted that exact analytical solutions of the specified prob-
lem, which are reduced to a system of nonlinear differential
equations, can be obtained only in exceptional cases |14, 15].

In [16], the author gives the equation of motion of a particle
falling in a constant gravitational field with a resistive medium

F=F,+F,
where F, is the force of gravity; F, is the braking force in a resis-

tive environment.
This dependence can be rewritten as

F=mg+E®V).

At the same time, it is enough to assume that F(V) is pro-
portional to some extent to the speed. This type of approxima-
tion is considered by the author as

o v
F=mg—mkV"—,
V
where k is a positive constant that determines the braking

14
force; Vis a unit vector in the direction v where V' is the
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Fig. 2. Coordinate system and cargo loading scheme at the point
of the trajectory

wind velocity relative to the direction of the velocity vector of
the falling load.

Equations of motion can then be developed in a polyno-
mial form that allows the application of the Carleman tech-
nique.

In the paper, mass m,, moving with an initial speed ¥, from
an UAV of height /4, in the presence of frontal V. and side V,,
wind loading, based on the nonlinear theory of external bal-
listics, is considered [17]. The geometry of the three-dimen-
sional coordinate system and the diagram of the cargo load at
the point of the trajectory are presented in Fig. 2.

In external ballistics, various forces and moments caused
by air resistance play an important role in determining where
the payload will end up.

To determine the aerodynamic drag forces acting on a
body during descent, it is essential to consider its shape in-
directly. Given the environmental heterogeneity, such as
turbulence and non-laminar flow, analytically determining
air resistance can lead to significant integral errors. A
straightforward, accurate formula for air resistance derived
from theoretical conclusions is elusive. Typically, air resis-
tance is measured experimentally by testing the body in a
wind tunnel. However, employing numerical modeling
methods and analyzing the results enhance the accuracy of
the data obtained and allow for iterative modeling of various
geometric parameters under different initial conditions.
Through modeling, one can determine the coefficient of
aerodynamic resistance as a value proportional to speed
pressure and the force of air friction along aerodynamic sur-
faces using turbulent flow models.

The static stability of a load refers to its ability to return to
a specified flight path after being released. To determine the
static stability, one must identify the positions of the load’s
center of mass and center of pressure. During free fall, wind
forces and the moment arm created by the distance between
the center of mass and the center of pressure induce rotational
motion around the center of mass within the planes of avail-
able degrees of freedom.

The static stability margin of a load is calculated as the ra-
tio of the distance from the center of mass to the center of pres-
sure to the diameter of the load’s body (assuming it has an axis
of symmetry). Typically, a high static stability margin (= 1)
results in more stable rectilinear motion and greater resistance
to external forces that could alter the trajectory.

A spatial nonlinear system of forces is considered, taking
into account the nonlinear components of the movement of a
material point [18]. According to Newton’s second law, the

basic system of differential equations of the external ballistics
of the dynamic process under study follows from the projec-
tions of the forces acting on the mass m,, on the axis of the
coordinate system x, y and z respectively

Zx:%[mo(Vx+%¢wa)J:_ESina_wa+Rx(t); (D

Zy;%[moVy(z)]:F,cosa—mOg+ R, (1); (2)

Zz:%[mo(yz¢sz)]:—Esin—sz+Rz(l‘)- 3)

The main parameters of the studied system are determined
by the following formulas [10]

F =CX%V2(0;

wx?

FWX :CWX Smxp V2 ;
2

S,..p
F,.=C,, ZZ |6

where F,, F, are forces of aerodynamic resistance of cargo

with a stabilizer, including F,, and wind load, respectively;
C, is the drag coefficient (determined from experimental data
in the direction of movement); C,,, C,. — the coefficients of
lateral resistance, which is calculated from the given initial
conditions in the direction of the X and Zaxes; S,,, S,., Sy, —
the areas of the middle of the body along the axis of rotation
of the body and in orthogonal directions; p — air density; R()
— control function.

Aerodynamic drag is the resistance of an object moving in
a medium such as air or water. Aerodynamic resistance does
not depend on the weight of the cargo. As mentioned above,
in external ballistics, various forces and moments caused by
air resistance play an important role in determining where the
payload will end up. Drag modeling is quite a serious prob-
lem, as it is very difficult to analytically model the acrodynam-
ic coefficients C,, C,,, C,., and often almost impossible due to
the complex behavior of the air flow around the irregularly
shaped cargo. According to Fig. 2, the angle of the direction
of the velocity of the body is determined by the dependencies
in the XOY plane

v, . V.
Ccosa =—-; Sin =—-.
Z Z

For the formula cargo velocity

V)=,V}+V2+V2 =V 1+V—"2+V—Z~V(t)
=4 x y z "y V2 VzN y\He
y

Inequalities are accepted

. |4
sina :7";

2 V2
V—"2<l; 42<1
V,V V,V

X

d. . .
Entering to simplify the entry definition ?:x equation

(1) is obtained in the form 1
myV (1)=—Fsinx—F, +R (1), (4)
or
; EV,_ F_ R(t
V=acte fu RO ©)
myV m, m
Introducing the definition for further simplification
; Cc.S c. .S
Vity ===y @, () -==20Py2 . ()
2 m, 2 m,
V(t)=—eb )V (t)V, ()~ F, +R,, (7

where
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Taking into account the new definitions (8), the equation
(7) is obtained in the form

V() +ebV, (t)V,(t)=—F, +R,, 9)
where
N G Y
FwX —_wx | wmp. (10)
2 m,

Finally, the differential equation of the problem in the pro-
jection onto the horizontal axis X has the form

V(1) +eby(t)V, (1) =), (11

where
@(t)=-F,+R.. (12)

Applying new dimensionless parameters

y
X==; Y==; ==; T=—,
h t (13)

/2h
where #,=,/— is time of free fall of the load in a non-atmo-
g

spheric environment.
From the system [1—3] we obtain

X :JLT[VAT)J =-Fsina—F, +R(T);  (14)

Zy;%[Vy(T)]:Ecosa+2—ﬁy(T); (15)
zz:%[Vzm]?ﬁsin—wa+ﬁz<T>~ (16)

The possibility of applying the approximate analytical ap-
proach to the solution of the simplified system of differential
equations (14—16) is considered in this study. This approach
offers a valuable method for tackling complex dynamic pro-
cesses. The nature of the dynamic process, particularly due to

the presence of the control function R(T), can be investigated
further on the basis of the proposed calculation algorithm.
This allows for a deeper understanding of how the control
function influences the overall system behavior.

Taking into account the introduced definitions and initial
conditions, the system of differential equations (14—16) is
transformed into a system of related nonlinear differential
equations. This transformation is crucial as it provides a more
comprehensive framework for analysis. The main equation in
this system, from the point of view of the possibility of direct
analytical integration, is the nonlinear Riccati differential
equation with respect to the ordinate axis. This particular
equation is of significant importance because it encapsulates
the core dynamics of the system.

The nonlinear Riccati differential equation can be further
simplified and reduced to a linear differential equation of the
second order. This reduction is a pivotal step, as it transforms
a complex, nonlinear problem into a more manageable linear
one, facilitating the application of established analytical meth-
ods. The ability to reduce the equation to a second-order lin-
ear differential equation provides a clearer pathway for obtain-
ing precise solutions, which are essential for both theoretical
insights and practical applications.

By transforming the original system of differential equa-
tions into a related set of nonlinear equations, the approach
highlights the interdependencies between various factors in-
fluencing the system. The resulting solutions not only en-

hance our understanding of the system dynamics but also
improve the accuracy and reliability of predictions and con-
trol strategies.

3 X:;LT[VX(T)}zfgovxmvymffw pooan
ZY:%[VY(T)}:—Bo[VY(T)T+2; (18)

VA :%[(VZ(T)] =—BoV,(TW,(T)-F,,. (19

Where we enter the notation

To reduce equation (18) to a linear differential equation of
the second order, the definition is introduced

q9=2, g¢;=-Bo, (20)

where ¢; (i =0, 1) — are the coefficients of the corresponding
components of equation (23), and the substitution

u(T) =V(T)q;. (21
‘Which brings the initial equation (18) to the form
d 2
LU =[] +aq; (22)
Representing the function u(7') as
dv(T)/dT
T)y=——"— 23
u(T) VD) (23)

We obtain, taking into account (22), equation (18) in the
form of a second-order linear differential equation
d*v(T)
dT?

Which allows for constant coefficients an exact analytical
solution

—QV(T)=0. (24)

u(T)=C, sh[rT] + C,ch[A,T], 25)
where A, =0 =(2B,)"".
The function u(T) is obtained by dependence (23)
[ €, ch(yT)+Cysh(x,T) |

U=y [Cysh(ryT)+Cyeh(hoT) ]

(26)

Under the condition
Vy(0)=u(0)=0, C;=0.
Then the sought function V(0) has the form

T)__u@)_ [r
uT) _ _uBO :_(Bojtgh[xoﬂ. (27)

V,(T)=
i 0
The limits of the existence of the equation were deter-
mined by analyzing it using a given set of initial conditions.
The initial horizontal speed is equal to the speed of the UAV,
and the initial vertical speed is 0 m/s. Horizontal motion was
found to decelerate continuously from ¥V, to a stopping veloc-
ity of 0 m/s. Therefore, the horizontal speed is limited from 0
to V,. It was also found that the vertical velocity continuously
decelerates non-linearly until the load either hits the ground or
stops accelerating due to drag (terminal velocity). Depending
on which model order was chosen, different degrees of accu-
racy can be obtained for the approximation.
Finally, we have obtained the dependence, (27) in analyti-
cal form
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0.5
V,(T) :—(é] tgh[(zBO)O-ST]. (28)
0

The projection function of displacement in the direction
of the ordinate axis is defined in the form

S,(T) :[;Jln{ch[(zBo)“T]} +d,. (29)
0

Under the condition S,(0) = —1, d, = —1, we determine the
time to achieve the goal

T, =Gr*’ arch{exp(;ﬂ, (30)

-

1
where Gr = 2B is the “quality” parameter of the studied sys-
0
tem [11], which can serve as a criterion for the application of
the proposed analytical approach to solving the problem of
external ballistics under conditions of atmospheric pressure
according to the inequality 7, > 1

Gr'Sarch {exp[czr] > 1}. (31)

The criterion for applying the analytical approach to the
Gr parameter is established by the graphical representation
(Fig. 3) of the function (31)

y= arch[exp(BO)] = 2;

205 = arch[exp(ZGr)} =
0

GrO.S .

Flight dynamics encompass the trajectories of flying ob-
jects as well as the stability and controllability issues en-
countered during their movement. The study of trajectory
tasks assumes that a flying object acts as a material point,
moving under the influence of applied forces. When analyz-
ing the stability and controllability of a flying object, it is
treated as a material body influenced by the moments of
these forces.

1.0

0.5

BO
02 0.4 0.6 0.8 1.0
a
1.0392
1.0390
1.0388
1.0386
1.0384
1.0382
. . — BO
0.4632 0.4634 0.4636 0.4638 0.4640

b

Fig. 3. Criterion for applying an analytical approach to the so-
lution of the problem of external ballistics according to the
B, parameter

Most mechanical systems exhibit nonlinear properties
under certain external disturbance parameters. Thus, exam-
ining a flat nonlinear system of forces, considering the non-
linear components of a material point’s motion with time-
varying parameters should result in the external ballistics
arguments.

As evidenced by the graphical representation of the func-
tion y=y(B,) (Fig. 3), the criteria for applying the proposed
approach to solving the research problem are values at which

B, =0.475, Gr* = 1.05.

Under the condition of equation (1), after substituting (30)

into (17), we obtain an equation in the form

%[VX(T)JJrGO(T)VX(T) =P, (32)

where parameters

0.5
Gy(T)= B, K;] tghl 2 BO)O‘STﬂ;

0

2. = S Pl

Po=B,y(Vox +Vox)"5 By =f TZwato )
where S,y is the area of the middle in the direction X.

Equation (32) is a non-homogeneous differential equation
with variable coefficients with respect to the desired function
V.(T), the solution of which is obtained by a standard proce-
dure using the method of variation of arbitrary constants to
obtain a partial solution.

It should be noted that the displacement projection func-
tion in the direction of the Z axis is obtained by a similar algo-
rithm. The total distance from the cargo drop point to the tar-

0.5
get is given by the dependence S = [Sf +87+ Sﬂ .

Carrying out field tests with load dropping will allow one
to identify and classify possible errors in order to evaluate the
quality of the developed control algorithm and introduce the
necessary corrections. At the same time, possible sources of
errors can be grouped into sources of errors affecting the
quality of a separate on-board subsystem of the UAV. Where
the payload drop error is the distance from where the pay-
load landed to the target, the drop point error is the distance
from the calculated drop point to the position where the
UAV actually released the payload, and the drop velocity er-
ror is the speed the UAV had when releasing the payload,
minus the speed he was supposed to have when releasing the
cargo, etc.

A comparison of the analytical solution with direct numer-
ical integration and the asymptotic solution [5] of the basic dif-
ferential equation with respect to the ordinate axis for selected
parameters of the system under study is presented in Fig. 4.

A comparison of an approximate analytical solution with a
direct numerical calculation for given system parameters is

Vy

20

t

1 2 3 4 5

Fig. 4. Comparison of the direct numerical calculation for non-
linear basic differential equation with respect to ordinate axis
with asymptotic solutions with two and three approximations
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presented in Fig. 4. According to the target achievement time
the errors of the asymptotic solution are 11.9 and 6 %: in two
and three approximations respectively.

Thus, the nonlinear external ballistic model is closer to the
model of a real physical process, and the numerical solution
will allow better predicting the trajectory of the fall of the cargo
given its parameters.

Conclusions. The mathematical model of the researched
process, created on the basis of the proposed approach, is for-
mulated as a system of coupled nonlinear differential equa-
tions. The core of this system is a first-order nonlinear Riccati
differential equation related to the function of the projection of
the velocity of the falling cargo onto the ordinate axis. This
first-order nonlinear equation is subsequently transformed
into a second-order linear differential equation. This transfor-
mation facilitates the derivation of an analytical solution, and
when combined with a geometric representation of the dy-
namic process using computer algebra, it allows for the extrac-
tion of analytical and graphical dependencies. These depen-
dencies provide appropriate estimates of the efficacy of the
applied approach.

The proposed model offers an approximate analytical solu-
tion to the nonlinear problem of external ballistics for low-speed
aircraft under specific movement conditions. A critical factor in
determining the landing point of the load is aerodynamic drag,
which significantly influences the load’s trajectory by exerting
the most considerable force at the beginning of the drop.

To obtain a comprehensive understanding of the process,
the mathematical model incorporates various parameters
that affect the dynamic behavior of the falling load. These
parameters include the initial velocity, altitude, angle of re-
lease, and the characteristics of the surrounding environ-
ment such as air density and wind speed. By adjusting these
parameters, the model can simulate different scenarios, pro-
viding valuable insights into the behavior of the load under
varying conditions.

The model’s primary dependencies and solution approach
are highly versatile, enabling their application in direct nu-
merical research methods. This versatility extends to practical
applications, where the model can be used for the further ana-
lytical analysis of dynamics and control problems related to
falling loads from unmanned aerial vehicles (UAVs). These
applications are particularly relevant when dealing with time-
varying parameters of the investigated system and external en-
vironmental conditions.

The model’s adaptability to different conditions and its in-
tegration with computer algebra systems make it a valuable as-
set for both theoretical research and practical applications in
fields such as military logistics, emergency response, and aero-
space engineering.
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Merta. BupillleHHsI TpMBUMIipHOI HediHiliHOI TpobiemMu
30BHIIIIHBOI OATICTUKY i1 popMyTIOBaHHS HAOIMKEHOI MaTe-
MaTUYHOI MOJIeJIi AMHAMIYHOTO TPOLeCy MaJiHHSI BAHTAXYy 3
MOBITPSIHUX CYIEH 32 HU3bKOI IIBUIAKOCTI, I OTPUMaHHS
aHAJIITUYHOTO PO3B’SI3KY, 1110 MOXJIMBE MpPU TMOEIHAHHI i3
TEOMETPUYHUM 300pakeHHSIM TUHAMITHOTO TIPOIIECy 3a 10-
TMTOMOT'0OI0 KOMIT' I0OTepHOI ajireopu.

Metonuka. BukopucranHs kKoMOiHalii aHaJiTUYHUX i1
YUCJIOBUX aJITOPUTMIB MOCTIIXKEeHb 3aCTOCOBAHO ISl OTPU-
MaHHs iHHOBALIIMHOI MOJENi, IPYHTYIOUMCh Ha HEeJiHiAHIN
cucTteMi nudepeHiiaTbHUX PiBHSIHDb 3i 3MiHHUMU 32 4acoOM
KoedinieHTaMu. 3aCTOCOBaHUI TPUBUMIPHUIA TiAXia 10 AU-
HaMi4yHO1 3a7ayi i3 HasIBHOIO MOYATKOBOIO IIBUIKICTIO 6€3-
MiJIOTHOTO JIITaJIbHOTO arapaTy 3a YMOBU HasIBHOCTiI (PpOH-
TaJbHOTO i GIYHOTO BITPOBOTO HABAHTAXXEHHS HAIAJI0 3MOTY
3aCTOCYBaTH HENiHIlIHY TeOopilo 30BHIIIHBOI OaicTUKuU. 3a-
3HaYeHe CIPOLIEHHS MPOOJeMU BKIIOYAJIO0 BUPIIIEHHS Bil-
MOBiMHOI cucTeMu AUdepeHITiaIbHUX PiBHSIHD 3MiHHUX KO€-
GillieHTIB y300BX BiIMOBIIHUX KOOPIMHAT 3a JOMOMOIOI0
acCUMIITOTUYHOTO Miaxomy. Kpim Toro, hopmyaoBaHHS MMpo-
0JIeMU BpaxoBY€ MPUKJIAAHUI MaTeMaTUYHUI aHaTi3 i Mozie-
JIIOBAHHS 3 yPaxyBaHHSIM Pi3HUX aKTyaJIbHUX MTAPaMeTPiB 30-
BHIIIIHBOTO CepeaoOBHUIIIA.

PesymbraT. CTBOpEeHHST MaTEMaTUYHUX MOJIENEH i anro-
PUTMIB JIJI1 OOUMCIIEHHST TTapaMeTpiB AMHAMIYHOTO MPOLIECY
MaaiHHS BaHTaXiB i3 MOBITPSIHUX CYE€H 32 HU3bKOI LIBUAKO-
CTi B MeXax Teopii HeJiHiiTHOT 30BHILIHbOI 0ATICTUKU € aKTy-
JIbHOIO MPOOBIEMOIO SIK i3 TOUKM 30pY PO3BUTKY IMHAMIYHOL

Teopii BKa3aHOIo KJacy CUCTEeM, TaK i CTBOPEHHS e(peKTUB-
HMX OOYUCITIOBAIBHUX aJITOPUTMIB 3 MOXJIMBICTIO MPAaKTUY-
HOTO 3aCTOCYBaHHS. Y pe3yabTaTi JOCHiIKEeHb OTpUMaHi Xa-
PaKTepUCTUYHI OLIHKM BIUIMBY 3MiHHUX Koe(illieHTiB Ha
pe3yJabTaTh OLIiIHOYHOI TOYHOCTI MPU3EMJICHHST SIK TTOXiTHOL
yacy. OTpyuMaHi aHaJiTU4YHI Ta TpadivyHi 3aJeXHOCTi 3 Ha-
JIaHHSIM BIiIMOBIAHUX OLIIHOK 3aCTOCOBAHOTIO ITiIXOAY Haja-
I0Th 3MOTY BCTAHOBUTU KOPEJISILIiI0 METO/IB i pe3y/IbTaTiB.

HaykoBa HOBHM3HA. AKTYyaJIbHiCTb HAyKOBHUX JOCJi-
JIKEHb Y Tajly3i HeJIiHiiiHOT 30BHILIHbOT OATICTUKU TPYHTY -
€ThCS SIK Ha BHYTPIllIHiIX TEHACHILiSIX PO3BUTKY L€l HAYKH,
TaK i Ha HarajJbHUX MOTpebdax CyyacHOi MPOMUCIOBOCTI.
Y po6oTi 3anponoHOBaHO NPUOIU3HUYN aHATITUYHUIA PO3-
B’SI30K HeJIiHiiTHOI mpo6JieMr 30BHIIIHBOI OaTiCTUKU, 11O
BU3HAYAETbCS yMOBaMU pyxy. OTpuMaHi 3aJIeXXHOCTI Ha-
NaJii 3MOTY BCTAHOBUTH B3a€EMO3B’SI30K MixX MapamMeTpamu
Ta BCTAHOBUTHU CTYIiHb iX BIUIUBY Ha QYHKIIiIO Yacy Mpu-
3eMJICHHSI.

IIpakTiyna 3HayumicTb. OTpUMaHi aHaJIITUYHI pe3yJibTa-
TH i METOMOJIOTiSI pO3B’sI3aHHSI MOXYTh OyTH iHTErpOBaHi y
MPaKTUYHi 3aCTOCYHKM MaTeMaTU4HOi (hi3UKU Ta iHXeHep-
Hux obuunciieHb. Lle 0co0aMBO aKTyaabHO /11 PO3BUTKY aJl-
TOPUTMIB YIPaBJiHHS 0aTiCTUMHUMU CUCTEMAaMU.

KimouoBi ciioBa: anarimuunuii po3e’s3ok, 6aricmuka, Heai-
HillHa cucmema, aepoOUHAMIMHUL MUCK, 8impose HABAHMA-
JHCeHHS
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