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coNTrol of The belT SPeeD AT uNbAlANceD loADiNG 
of The coNVeyor

Purpose. Development of algorithms for controlling the speed of the conveyor belt, based on the distributed model of the 
transport system, containing partial differential equations

methodology. To calculate the parameters of a conveyor line with a variable speed of material motion, an instrument of math
ematical physics is used.

findings. Comparative analysis of conveyor transport system models is performed. Application of partial differential equations 
for simulating transport systems of conveyor type, which are complex dynamic distributed systems, is substantiated. A nondimen
sional model of a conveyor system in instantaneous approximation with the use of partialderivative equations is presented. A sys
tem of characteristic equations is recorded and a solution is developed which defines the value of material flow and material den
sity at an arbitrary point of time for the given point of the transportation route. An expression is obtained which defines the value 
of material delay in the transport system depending on the velocity defect law for conveyor belt movement. Transition period time 
is determined during which the output material flow is defined by linear density of material disposition along the transportation 
route. Dependences for the material linear density and material flow for the steady state condition are defined. The performance 
criterion of control of flow parameters of the conveyor system is recorded and a solution of the problem of optimal control of con
veyor belt speed providing the relay control mode with the minimum power consumption for material movement is found. An 
example of control algorithm development is given.

originality. PDEmodels of transport systems of conveyor type and energysaving algorithms for controlling such systems have 
been improved.

Practical value. The proposed method for calculating the parameters of the conveyor line, which is a dynamic distributed sys
tem, can be used to design systems for optimal control of flow parameters of transport systems of conveyor type

Keywords: conveyor, distributed system, PDE-model, production line, belt speed

introduction. The conveyor is the main way of rock trans
porting at mining enterprises. Having the length of several doz
ens of kilometers and carrying capacity of ~104 t/h, the con
sumed power of conveying transportation system is ~105 kW 
[1]. The specific normative power consumption by conveyor 
transport for moving a ton of rock at a onekilometer distance 
is estimated by the range of (0.1‒1.0) (kW h)/(t km): Çöllolar 
Lignite Open Pit Mine (Turkey, 2010) 0.39 (kW h)/(t km), 
Coarse ore conveyor system Minera Los Pelambres (Chile) 
0.79(kW h)/(t km), Belt conveyor with gearless drive Solution 
Prosper Haniel Coal Mine (Germany) 0.24(kW h)/(t km) [1], 
and the total energy consumption for carrying a ton of rock 
along the entire conveyor line are respectively ~6.8, ~10, 
~3.24 (kW h). The actual energy consumption is much higher 
due to underload of the conveyor line because of the uneven 
arrival of rock at the conveyor entry. A sufficient amount of 
work is devoted to the study of this problem. Among the papers 
that significantly influenced the development of this scientific 
direction, one should note the monographs by L. G. Shack
meister, V. G. Dmitriev, S. A. Karimlan. Theoretical and ex
perimental studies of the belt conveyor showed that a decrease 
in the load factor of the conveyor leads to a hyperbolic increase 
in energy costs for transportation.

When the load factor is 0.75, power consumption for trans
portation increases by 10 %, at 0.5 ‒ by 50 %, at 0.25 ‒ by 
160 % and at 0.1 ‒ by 675 % [2]. Such character of dependence 
causes researchers’ considerable practical and theoretical in
terest to this problem. The offered methods, which allow re
ducing the actual energy consumption of the conveyor system 
down to 30 %, in most cases, are based on using the accumu
lating buffer to eliminate the unbalanced conveyor belt load. 
A mobile (stationary) bunker or the belt conveyor itself serves 
as an accumulation buffer [3, 4]. The bunker ensures a uniform 
supply of rock to the conveyor line entry, accumulates excess 
rock in the accumulator if the rate of receiving is higher than 
the normative one, or if the rate is lower than the normative 
one, uses the reserves of rock in the bunker to eliminate the 
deviation. The speed of the conveyor belt, as a rule, remains 

unchanged. Using a bunker in order to stabilize the rate of rock 
supply onto the conveyor belt required having additional tech
nological space in front of the conveyor line for its placement 
(Yu. Razumnyi). One more circumstance to consider when 
designing conveyor systems with an additional bunker is the 
limited bunker capacity, which requires a control system that 
does not allow bunker overload [5]. An alternative approach to 
improving the energy efficiency of conveyor transport is in de
signing control systems of managing the speed of the conveyor 
belt. In case of a decrease in the rock flow onto the conveyor 
belt, the speed is reduced, ensuring a normative linear density 
of the rock on the conveyor belt, which leads to the accumula
tion of rock on the conveyor. In case of an increase in the rock 
flow at the entrance, the speed of the conveyor belt increases, 
leading to a decrease in the value of the linear density of the 
rock.

The overview of conveyor line models. The method of in
creasing the energy efficiency of the conveyor transport by 
regulating the speed of the conveyor belt is not new 
(L. Shakhmeyster). However, in spite of the abundance of 
works, the overview of a small part of which is given below, the 
issue of improving the energy efficiency of conveyor transport 
by regulating the speed of the belt is of high relevance today. 
The conveyor with moving rock along a transport route is a 
distributed system with a number of restrictions, the most im
portant of which are the restriction in a maximum specific lin
ear load of the conveyor belt and the restriction of the maxi
mum volume of the transported weight (V. Dmitriev). The 
conveyor system is statistically undetermined. The statistic 
indetermination lies in indetermination of the volume of the 
incoming rock flow at the conveyor entry (indetermination of 
boundary conditions), which requires the use of probabilistic 
methods in calculating the conveyor line (L. Shakhmeister).

There are a great number of methods for modelling and 
analyzing the conveyor type transport system. The paper [6] 
contains the algorithm for conveyor belt speed control, created 
with the use of theory of mathematical programming. The tar
get function is determined in the work, the necessary condi
tions for conveyor belt speed control are defined, the simula
tion model of the conveyor line with the constant speed for 
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idegree regulation and incremental speed control algorithm 
are presented. The speed for idegree regulation aj is deter
mined by the expression
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where [χ]1n and an are nominal values of the conveyor belt per
formance speed [6]. Modes of speed control are set from the 
condition of minimum average belt speed, [6]
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The value Pj characterizes the proportion of time during 
which the conveyor line operates with the average speed aj.

The statistical analysis of the operating parameters of the 
belt conveyor is done in [7]. During the modelling, normal 
and logarithmic normal laws of load flow distribution and the 
correlation function of mine flow like (V. Dmitriyev), [7] were 
used

τ = s -ατ2( ) exp( ),Q QR

where sQ (kg/sec) is the dispersion of a mine load flow; α is 
the parameter of correlation function. The results of the ex
perimental measurement of the intensity of the incoming flow 
confirmed the conclusions on the form of the distribution law. 
The material flow rate reached 533 (kg/sec) with an average 
value of 134 (kg/sec) and sQ = 66.4 (kg/sec). The amount of 
material, which is transported, was determined by the expres
sion, kg
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The power spent on the transportation of the material is 
represented by a regression model [7]

N(t) = Nxx + n1M(t),

where Nxx = 160 (kW) is the power of the nonload running of 
the conveyor according to the experimental data; n1 = 
= 1.11 (kW/t) is expanding power consumption with the in
creasing load weight by 1 ton. The experimental value Nxx = 
= 160 (kW) is three times as big as the value of capacity of non
load running [14]. The difference is explained by a nonsatis
factory state of rollers on the mine conveyor, the friction of the 
belt on the construction elements, the presence of local resis
tance to the belt movement at the points of the inflexion of the 
route profile and other factors (V. Adadurov). The paper [8] 
presents a model of the container in the form of a dynamic link 
with the timedependent transport delay. The volume of the 
output rock flow from the conveyor belt [χ]1 out is determined 
by the meaning of the input flow [χ]1 in and the speed of the 
conveyor line ain with the transport delay T(t)
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For the variable conveyor speed, the volume of the 
transport delay is determined by the numerical method 
(V. Sta vit sky). The weight of rock, distributed along the con

veyor line, is represented by the integral equation M(t) =
 χ -  = χ  -∫ 1

1
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the equation for determining the static tractive force

F = a(M(t) + b).

Two last equations together form a mathematical model of 
the belt conveyor as an element of the automatic regulation of 
the static drive load (V. Stavitsky). For cases when the input 
cargo flow can be measured, a speed control algorithm with 
feedback is proposed [8].

The influence of an unbalanced load of the conveyor belt 
on energy costs for transportation is considered in [2]. Depen
dence is presented
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where Mmax is the transported weight of cargo on the belt, cor
responding to the maximum load of the conveyor by its receiv
ing power; E (Mmax), E (Mi) are energy consumption for trans
porting one ton (t) of rock at the distance of one kilometer 
(km) when the conveyor load is Mmax and Mi.

In the paper [9] the mathematical model of the frequency
controlled electric drive, considering the distributed load of 
the conveyor line, is developed. A fuzzy regulator of the con
veyor belt speed was synthesized. The comparative analysis of 
transient processes in the electric drive of the conveyor with 
the fuzzy regulator and without it is done.

The distributed numerical model of belt conveyor dynam
ics based on finite difference approach is presented in [10]. To 
perform numerical modelling the conveyor line was divided 
into 103  104 elements, within each of which the equations of 
dynamics of movement of each section of the conveyor line 
with rock are solved. The article by Yu. Kozhubayev introduc
es the linear density of distribution of rock along the conveyor 
line [χ]0(t, S ) formed by the input cargo flow [χ]1 in(t) and the 
equation defining the meaning of the linear density at the be
ginning of the conveyor line
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where a(t) is the speed of the conveyor belt; [χ]1 in(t) = [χ]1(t, 0) 
is cargo flow getting onto the conveyor; S  [0, Sd] is a coordi
nate characterizing the location on the conveyor belt; Sd is the 
length of the conveyor. The output flow is represented by the 
expression
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in which the linear density of rock distribution at the input 
[χ]0(t, 0) and at the output [χ]0(t, Sd) of the conveyor line is 
bound by the correlation

-τ

   χ = χ - τ l l =    ∫0 0
( )

( , ) ( ( ),0); ( ) ,
t

d d
t t

t S t t a d S

considering retardation τ(t). With constant speed of conveyer 
line movement a(t) = a1, we get τ(t) = Sd/a1. Based on the lat
est, an expression is given in the paper for calculating the max
imum allowable cargo flow to the conveyor line.
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with a limit to the maximum value of conveyor speed amax and 
linear density of distribution of rock along the conveyor line 
([χ]0(t, S ))max.

The article by Diachenko studies the methods for describ
ing the amount of random cargo flow getting onto the con
veyor line using empirical distributions. In [11, 12] using mod
els of the theory of mass service, the analysis of mine cargo 
flow, entering the conveyor line is done. In [11] the model of 
the main trunk conveyor for two input conveyors is developed, 
the cargo flow of each of them is a random value. In the paper 
[12] the influence of adjustable drive on cargo flows and energy 
efficiency of the mine conveyor system are considered. The 
model of transport system consisting of several successively 
located conveyors with the speed control of the belt is present
ed. The choice of the length of conveyors in the proposed 
model is justified [12]. In paper [13] the dependence of the co
efficient of resistance to belt movement on the volume of line 
load which has a rather complex character is stated. This de
pendence plays an important role while evaluating the costs of 
energy spent on transporting the rock by the conveyor with 
constant and controlled speed, and needs experimental 
verification under the conditions of working mines.

PDE-model of the conveyor line. The partial differential 
equations for modeling flow production lines are applied in 
[14]. In works [15, 16] the overview of flow lines is given and 
special attention is paid to models in which partial differential 
equations are used (PDE models). A new class of models, 
which received the name PDE models, is meant for describing 
the production flow lines, functioning in stationary and tran
sient modes. It enables to design the allocation of the subjects 
of labour along the flow line and considers the stochastic char
acter of interaction the subjects of labour with technological 
equipment and with each other as a result of technological 
processing while transferring from one technological opera
tion to another [16].

The conveyor line is a kind of flow line. The peculiarity of 
constructing the model of a conveyor line is in the fact that the 
rock placed in different places S on the conveyor line moves 
with the same speed a(t). It allows presenting the system of 
equations as

 ( )
t S t S

a t S t
t S

0 0
( , ) ( , )

( ) ( );
   ∂ χ ∂ χ   + = d l

∂ ∂
 (1)

 [χ]1(t, S ) = a(t)[χ]0(t, S ). (2)

We supplement the system of equations (1, 2) with the ini
tial condition
 [χ]0(t0, S ) = H(S )Y(S ). (3)

Supposing that it was set at the moment t0 = 0.
Function l(t) sets the load flow at the input of the con

veyor the length of which is Sd; Y(S) is a linear density of rock 
allocation along the conveyor belt at the initial time t = 0, 
S  [0, Sd]. The system of equations (1‒3) determines the 
model of the conveyor line, which will be used to construct the 
system of conveyor belt speed control.

We introduce dimensionless parameters and functions
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d(x) = Sdd(S); H(xSd) = H(S ),

where Td is the characteristic average time during which the 
rock element is being transported.

Taking into account the dimensionless variables and func
tions (4‒6), we can write down equations (1‒3) in a dimen
sionless form

 ( )∂θ τ x ∂θ τ x
+ τ = d x g τ

∂τ ∂x
0 0( , ) ( , )( ) ( );g  (7)

 θ0(0, x) = H(x) ⋅ ψ(x). (8)

The choice of Q makes it possible to provide the scale of 
meanings of functions θ0(τ, x). The conveyor lines which have 
the same type of functions g(τ) and g(τ) are similar, have the 
same behavior when the initial conditions are equal ψ(x). This 
makes it possible to create laboratory analogues for large con
veyor lines to conduct practical experiments with them. The 
results received at the model conveyor lines can be transferred 
to the operating conveyor lines with sufficient accuracy, which 
makes it possible to save the means required for conducting 
experimental research. It remains topical in cases when there 
is lack of opportunity to conduct experimental research on op
erating conveyor lines in connection with their load with the 
production program.

The system of partial difference equations (7, 8) corre
sponds to the system of characteristic equations
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The solution to the equation (9) can be presented in the 
form

 x = τ + = τ - + b τ = τ τ∫1( ) ( ) (0) ; ( ) ( ) ,G C G G G g d  (11)

where the integration constant C1 = b - G(0) is defined from 
the condition x |τ = 0 = b.

Integration of the (10) allows us to write the expression for 
θ0(τ, x)
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The constant of integration C2 is determined from the (10)
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which enables us to write the expression θ0(τ, x) in the follow
ing form

( )
( )

( )
( )

-

-

-

-

g τ - x
θ τ x = x -

τ - x

g -b
- b + b ψ b

-b

1

0 1

1

1

( ( ) )
( , ) ( )

( ( ) )

( (0) )
( ) ( ) ( ).

( (0) )

G G
H

g G G

G G
H H

g G G

We express 
τ

b = x - ∫
0

( )g z dz  from (11), after that we get the 

solution to the (7) under the initial condition (8)
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Equation (12) makes it possible to determine the rock den
sity from the location of the conveyor line, characterized by 
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the coordinate x for the point in time τ. The resulting solution 
makes it possible to calculate the nonuniformity of the rock 
distribution along the conveyor line in a general case. The so
lution to equation

τ

x - =∫
0

( ) 0g z dz

sets the law of motion of the point x(τ) along the conveyor 
belt, on the right of which rock is situated, whose density of 
distribution is set by initial conditions (9). The total time of the 
transient mode Td, when the initial conditions affect the pa
rameters of the conveyor line, can be received as a result of 
solving the equation

 ∫1 ( ) .
dT

g z dz
0

 (13)

The condition τ > Td determines the mode of conveyor belt 
operation, when its parameters do not depend on the initial 
conditions (8)
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If we introduce the denotation

G -1(G(τ) - 1) = τ - Dτ1,

then for the case τ > Td at the conveyor belt output x = 1 we 
have
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Assuming that the speed of the conveyor belt is constant 
g(τ) = g0 = const, the solution to the (13) allows us to determine 
the interval of the delay in the dimensionless form Td = 1/g0. 
The connection between the input and output flow parameters 
of the conveyor belt is used for constructing the model of the 
conveyor line [8]. We also assumed that at the initial point in 
time, the conveyor line is not loaded θ0(0, x) = 0 [8]. This leads 
to the particular case of the initial conditions Y(S ) = 0, which 
determine the conveyor line model in the following form

τ -

-

   g τ - x θ τ x = x - x -   τ - x   
∫

1

0 1
0

( ( ( ) ))( , ) ( ) ( ) .
( ( ( ) ))
G GH H g z dz

g G G

The duration of the transitional regime in modelling the 
operation of the conveyor line was 250 (sec) with total experi
ment duration of 2000 (sec) and control criteria M(t)  Mmax 
for time points τ > Td = 250 (sec) [8]. The initial conditions for 
loading the conveyor line θ0(0, x) = 0 explain the fluctuations 
in the speed of the conveyor belt and the output flow with a 
period of fluctuation Td = 250 (sec). Fluctuation amplitude 
and period are determined by initial conditions θ0(0, x) = 0  
and criterion of control M(t)  Mmax. Under the initial condi
tions θ0(0, x)  0 the projected control system must lead to 
fluctuation of general weight of the extracted rock on the con
veyor belt. The presence of fluctuations is due to the fact that 
the expression for flow parameters does not contain the initial 
conditions. This results in the errors in calculating the modes 
of conveyor belt speed control and in the work of the system in 
a nonnormative mode, and in case of considerable devia
tions, in the overload of the electromotors and stopping the 
conveyor. For a moment in time τ < Td, it is required to set a 
method for determining the speed of the conveyor belt and the 
output freight traffic of the transport system. Let us estimate 

the average duration of the transition period for existing trans
port systems of the conveyor type [1]:

a) belt conveyor with gearless drive Solution Prosper Han
iel Coal Mine (Germany) with the total length of 3800 (m), 
the average normative speed of line is 5.5 (m/sec), the average 
duration of transition period is (sec)

Dτ = =1
3800 690;
5.5 

b) conveyor line for Neyveli Lignite Corporation (India), 
the total length is 14 000 (m), the average normative belt speed is 
5.4 (m/sec), the average duration of the transition period is (sec)

Dτ = =1
14 000 2590.

5.4 

The average duration of the transition period is from a few 
minutes to an hour. When using the belt speed control systems 
with the fluctuation range [0  5] (m/sec) the duration of the 
transition period can be several hours, which can be reflected 
on the conveyor line efficiency.

The problem of optimal control of the speed of the conveyor 
belt. The technological consumption of electricity for convey
or transport Wk, l (kW h) is determined by the quantity of trans
ported cargo Qp(t), conditions and average running time of the 
conveyor line tp (h)

  b
= ⋅ ⋅ ⋅ ⋅ + ⋅ ±  

  
,

sin0.013  0.28 1 ,k l k k p pW L w C v t Q
w

where Lk (m) is the conveyor length, w is a resistance coeffi
cient (for stationary conveyors w = 0.02  0.03; for conveyors 
working at mining extraction areas w = 0.04  0.06; for convey
ors, working under difficult conditions w = 0.08  0.12), b (de
gree angle) is the angle of the conveyor staying, C (kg/m) is the 
linear weight of the carrying parts. The consumed capacity by 
a stationary conveyor (w = 0.03), which is placed horizontally 
(b = 0) is determined by the expression

 
  = = ⋅ ⋅ + χ   

∫,
1

0

1008( ) 0.0039 ( ) ( , ) ,
dS

k l
d

p d

W
N t S C a t t S dS

t S

where length Lk = Sd (m), the average speed vk = a(t) (m/sec) 
and the average carrying capacity dQ/dt (t/h) of the conveyor 
line. The power N(t) (kW) used for transporting rock can be 
presented as the sum of powers used for M(t)

 N(t) = 0.0039Sd ⋅ C ⋅ a(t) + 0.3931 ⋅ a(t) ⋅ M(t); (14)

 = χ ∫ 0
0

( ) ( , ) .
dS

M t t S dS

Taking into account (14), we can determine theoretical en
ergy consumption, which is necessary for running of the con
veyor line 2LU120V with the length Sd = 730 (m), and the aver
age belt speed a(t) = 2.0 (m/sec) [2, 7]: Nxx = 78.63 (kW), n1 = 
= 0.786 (kW/t).

The conveyor type 2LU120V, is designed for transporting 
rock with the normative speed a(t) = 3.15 (m/sec) the maxi
mum capacity dQp /dt = 1450 (t/h) and the weight of the run
ning meter of the moving parts C = 138. (kg/m)

N(t) = 123.84 + 1.23M(t).

The calculations used the coefficient of resistance (w = 
= 0.03) and the angle is set (b = 0). The expression is obtained 
for a given constant value of the belt speed a(t) = 3.15 (m/sec).

Let us determine the power, consumed by the conveyor 
which is evenly loaded Q (6) along the length of the belt Sd and 
the belt speed Sd /Td (4, 5)
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Q = Q
2

max 0.3931 d
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we give (14) a dimensionless form
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For maximum possible transported weight on the con

veyor Mmax = 126(t) [2]: Q = =
126 0.172 (t m),
730

 mc =

-= =3 13810 0.79 (t kg).
0.172

 Dividing the left and right parts of 

the dimensionless ratio for power (15) by the coefficient of ra

tional belt load =
max

( )( ) ,M tm t
M

 we obtain the relation of energy 

consumption to the unit of weight for actual and nominal load 
modes

 
Q
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cN t M t m
g t g t

N M m t
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which will be used as a quality criterion for a controlled pro
cess. For g(t) = 0.5 and mc = 0.79 the optimality criterion is 
written as

Q

= +

θ τ x x∫
1

max max
0

0

( ) ( ) 0.4 0.5.
( , )

N t M t
N M

d

Using the optimality criterion (16), we formulate the prob
lem of creating an optimal speed control program for the con
veyor belt for the established mode of conveyor line operation 
(12), τ > Td: to determine the speed control of the conveyor 
line u(τ) during the time interval τ  [0, τk], which results in 
the minimum functional

 
-τ    τ + τ  θ τ x x τ →     

∫ ∫
11

0
0 0

( ) ( ) ( , ) min
k

cu u m d d  (17)

for differential connections (7)

( )0 0( , ) ( , )( ) ( ),u
∂θ τ x ∂θ τ x

+ τ = d x g τ
∂τ ∂x

restrictions for the linear density of the rock on the belt and the 
maximum possible conveyor drive load

θ ≥ θ τ x ≥ = θ τ x x ≤∫
1

0max 0 0 max
0

( ) 0; ( ) ( ) ,, m t , d m

restrictions of control

gmax ≥ u(τ) = g(τ),

the initial condition

θ0(0, x) = H(x)ψ(x).

Considering the system of characteristic equations (9, 10), 
differential constraints can be represented in the following 
form

( )τ=

θ τ xx g τ
= τ x = b = d x ⋅

τ x τ
θ b = b ψ b

0
0

0

( , ) ( )( ); ; ;
( )

(0, )  ( ) ( ).

dd u
d d u

H

The Pontryagin function and the adjoint system for the 
problem have the following form

τ ψ ∂
= ψ τ - τ - → =

∂x
θ τ x x∫

1
1 1

0
0

( )( ) ( ) max; .
( , )

cu m d HH u u
dt

d

The value of the variable Q0 max determines the maximum 
possible linear load on the belt.

Since the right end of the phase trajectory is free, then 
ψ1(τk) = 0 and, consequently, ψ1(τ) = 0, which enables to write 
down the Pontryagin function in the form

τ
= - τ - →

θ τ x x∫
1

0
0

( )( ) max.
( , )

cu m
H u

d

The differential constraint (10) makes it possible to express 
the density of rock distribution along the conveyor line through 
the input flow and the belt speed for the determined conveyor 
line mode τ > Td

 
-

-

g τ - x
θ τ x =

τ - x

1

0 1
( ( ( ) ))( , ) .
( ( ( ) ))
G G

u G G
 (18)

Let us consider the construction of the optimal speed con
trol of the conveyor belt for the case when the input flow of the 
coming rock is constant g(τ) = g0 = const. The weight of the 
rock on the conveyor belt is defined by the expression

=

Dx

-
= =

= θ τ x x = θ τ x Dx =

g
= = g Dτ = g Dτ

τ - x

∑∫

∑ ∑
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j jj
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where Dτ is determined respectively by the expression

τ-Dτ

= ∫1 ( ) ,g z dz


when u(τ) = g(τ) for the value x = 1. The value of the average 
speed for the period of time Dτ(τ)

Dτ τ
τ =

( )

1( ) .mu

When the conveyor line is fully loaded m(t)  mmax, it ap
pears

Dτ τ → Dτ Dτ = =
g
max

max max
0 min

1( ) ; .m
u

When the speed of the belt decreases, the weight of the 
rock transported by the conveyor and achieving the maximum 
value, increases. For the condition g(τ) = g0 = const the Pon
tryagin function will take the form

   
= - τ + = - τ + τ →   

g Dτ g   0 0
( ) 1 ( ) 1 ( ) max.c c

m
m m

H u u u

For a case Dτ  τk with a sufficient degree of accuracy, the 
ratio can be used

τ

τ-Dτ

=
Dτ ∫
1 ( ) ,mH H z dz

what makes it possible to express the Pontryagin function 
through the average value of the speed of the conveyor line 
um(τ) at the interval Dτ(τ)
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Fig. 1. Relay speed belt control mode u(τ) = (0.5; 1.5)

Fig. 2. The output flow from the conveyor line θ1(τ, 1), when 
g0 = 0.5, u(τ) = (0.5; 1.5)

Fig. 3. The per unit density of the material at the input of the 
conveyor line θ0(τ, 0), when g0 = 0.5, u(τ) = (0.5; 1.5)

 
= - τ + τ → 

g 0
( ) 1 ( ) max.c

m m m
m

H u u

Function Hm is decreasing when um(τ) is increasing, it has 
the maximum value when um(τ) = umin, which determines the 
control mode of the conveyor line, fully loaded with rock.

conclusions and future prospects for the development and 
improvement of algorithms for controlling the speed of a con-
veyor belt. To demonstrate the obtained solution, we consider 
the relay mode of controlling the speed of the conveyor belt 
u(τ) = (u1, u2) for the case of the maximum allowable filling 
with the conveyor line, determined by condition (17). It should 
be noted that under production conditions, with the relay law 
of controlling the speed of the belt, it is required to sustain a 
pause for damping wavy processes in the conveyor belt. We 
will assume that the damping time of the arising vibrations is 
much less than the characteristic time of the process Td and 
will not affect the final result.

The minimal energy costs per unit of transported products 

are provided at an average speed of the belt 
g

= 0
min

max
u

m
 with 

the period of relay control Dτ =
g
max

max
0

.m
 The switching point 

from the speed u1 to the speed u2 within the interval Dτmax, is 
determined from the ratio

u1Dτ1 + u2Dτ2 = 1; Dτ1 + Dτ2 = Dτmax,

consequently

 
- Dτ

Dτ =
-

2 max
1

1 2

1 .u
u u

  (19)

The switching point divides the interval Dτmax into two in
tervals Dτ1 and Dτ2, within which the conveyor line operates 
with the speeds u1 and u2 respectively. The amount of interval 
Dτmax is determined from the condition of maximum load of 
the conveyor system.

For the transport system, with the value of the input mate
rial flow g0 = 0.5 and the load factor of the transport system 
mmax = 0.5 in the case of relay mode controlling the speed of 
the conveyor belt u(τ) = (0.5; 1.5) we obtain the value of the 

switching point Dτ1 = 0.5 on the interval Dτ = =
g
max

max
0

1.0m
 

(Fig. 1). This law of control the speed of the conveyor belt de
termines the output flow θ1(τ, 1) (Fig. 2) and the linear den
sity of the material θ0(τ, 0) at the entrance to the conveyor line 
(Fig. 3). During the transition period τ  [0, τk = 1.0] the out
put flow θ1(τ, 1) depends on the per unit density of the mate
rial distributed over the transport system

τ τ   
θ τ =  - ψ -  τ   

   
∫ ∫1
0 0

( ,1) 1 ( ) ) 1 ( ) ) ( ).H u z dz u z dz u

The initial distribution of the material in a computational 
experiment is given by the function

( )  p
ψ x = + px + 

 

1 1 sin .
6 6 4

When τ ≥ τk = 1.0 the value of the output material flow θ1(τ, 
1) is calculated from the relation (18) and with the given data is 
θ1(τ, 1) = 0.5. The constant value of the output flow θ1(τ, 1) for 
the steady state has a simple explanation. The optimal control 
algorithm, obtained from a given quality criterion in the ab
sence of a limitation associated with exceeding the maximum 
value of the material load per belt, ensures a constant value of 
the material flow in the transport system.

Accordingly, at steady state, the value of the output flow 
will correspond to the value of the input flow θ1(τ, 1) = g0 = 0.5. 

The per unit density of the material at the inlet of the conveyor 
line is shown in Fig.3.

In the general case, for the introduced optimality criteri
on, the belt speed control is obtained, which, as it is recom
mended in [2, 7, 13, 17], requires the maximum load of the 
conveyor line with rock.

With the maximum possible load of the conveyor belt 
within the time interval Dτmax energy consumption is constant 
for speed sets u(τ) = (u1, u2), which have the same average val
ue for the belt speed for the period Dτmax. Thus, with the max
imum load of the conveyor, energy consumption for the period 
Dτmax does not depend on the density of rock distribution 
along the conveyor line. Minimum energy resources con
sumption can be ensured by the constant speed of conveyor 
line um(τ) = umin. The law of distribution of linear density of 
rock along the conveyor line is determined by the given values 
of speed modes. The change in the law of control leads to the 
change in the law of distribution of linear density of rock along 
the conveyor line. The multistage conveyor belt speed control 
is of interest for the modes of starting and stopping the con
veyor when the conveyor belt load is different from the maxi
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mum value. When constructing the optimal speed control of 
the conveyor belt, assumption g(τ) = g0 = const is made in the 
work. At the same time, mine conveyors are characterized by 
disturbances at the conveyor input, which are expressed by the 
discrete character of cargo flow and their variable intensity 
during the period of continuous loading. This is the subject of 
further research. The simplification supposed in the work is 
aimed at showing the prospects of using PDEmodels when 
designing highly efficient control systems. Additionally, it was 
assumed that the incoming freight traffic is a measurable and 
controllable value. In the case when it is impossible or difficult 
to estimate the traffic flow, the controlled value can be a static 
force on the motor shaft.
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Управління швидкістю руху стрічки 
при нерівномірному завантаженні конвеєра

О. М. Пiгнастий
Національний технічний університет „Харківський по
літехнічний інститут“, м. Харків, Україна, email: 
pihnastyi@gmail.com

Мета. Розробка алгоритмів керування швидкістю 
руху конвеєрної стрічки, заснованих на розподіленій мо
делі транспортної системи, що містить рівняння у при
ватних похідних.

Методика. Для розрахунку параметрів конвеєрної лі
нії зі змінною швидкістю руху матеріалу використано 
апарат математичної фізики.

Результати. Проведено порівняльний аналіз моделей 
конвеєрних транспортних систем. Обґрунтовано вико
ристання рівнянь у приватних похідних для моделюван
ня транспортних систем конвеєрного типу, що є склад
ними динамічними розподіленими системами. Пред
ставлена безрозмірна модель конвеєрної системи в одно
моментному наближенні з використанням рівнянь у 
приватних похідних. Записана система характеристич
них рівнянь і побудоване рішення, що визначає величи
ну потоку матеріалу та щільність матеріалу в довільний 
момент часу для заданої точки маршруту транспортуван
ня. Отримано вираз, що визначає величину затримки ма
теріалу у транспортній системі в залежності від закону 
зміни швидкості руху конвеєрної стрічки. Визначено час 
перехідного періоду, протягом якого вихідний потік ма
теріалу визначається лінійною щільністю розміщення 
матеріалу вздовж транспортного маршруту. Визначені 
залежності для лінійної щільності матеріалу й потоку ма
теріалу для сталого режиму. Записано критерій якості 
управління потоковими параметрами конвеєрної систе
ми та отримане рішення задачі оптимального управління 
швидкістю конвеєрної стрічки, що забезпечує релейний 
режим управління за мінімальних питомих витрат елек
троенергії на переміщення матеріалу. Наведено приклад 
побудови алгоритму управління.

Наукова новизна. Полягає в удосконаленні PDE
моделей транспортних систем конвеєрного типу та енер
гозберігаючих алгоритмів управління такими системами.

Практична значимість. Полягає в тому, що запропо
нований спосіб розрахунку параметрів конвеєрної лінії, 
який є динамічною розподіленою системою, може бути 
використаний для проектування систем оптимального 
управління потоковими параметрами транспортних сис
тем конвеєрного типу.

Ключові слова: конвеєр, розподілена система, PDE-
модель, потокова лінія, швидкість стрічки

Управление скоростью движения ленты 
при неравномерной загрузке конвейера

О. М. Пигнастый

Национальный технический университет „Харьковский 
политехнический институт“, г. Харьков, Украина, email: 
pihnastyi@gmail.com

Цель. Разработка алгоритмов управления скоростью 
движения конвейерной ленты, основанных на распреде
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ленной модели транспортной системы, содержащей 
уравнения в частных производных.

Методика. Для расчета параметров конвейерной ли
нии с переменной скоростью движения материала ис
пользован аппарат математической физики.

Результаты. Проведен сравнительный анализ моде
лей конвейерных транспортных систем. Обосновано 
использование уравнений в частных производных для 
моделирования транспортных систем конвейерного 
типа, которые являются сложными динамическими 
распределенными системами. Представлена безразмер
ная модель конвейерной системы в одномоментном 
приближении с использованием уравнений в частных 
производных. Записана система характеристических 
уравнений и построено решение, определяющее вели
чину потока материала и плотность материала в произ
вольный момент времени для заданной точки маршрута 
транспортировки. Получено выражение, определяющее 
величину задержки материала в транспортной системе в 
зависимости от закона изменения скорости движения 
конвейерной ленты. Определено время переходного пе
риода, в течение которого выходной поток материала 
определяется линейной плотностью размещения мате
риала вдоль транспортного маршрута. Определены за

висимости для линейной плотности материала и потока 
материала для установившегося режима. Записан кри
терий качества управления потоковыми параметрами 
конвейерной системы и получено решение задачи опти
мального управления скоростью конвейерной ленты, 
обеспечивающее релейный режим управления при ми
нимальных удельных затратах электроэнергии на пере
мещение материала. Приведен пример построения ал
горитма управления.

Научная новизна. Заключается в совершенствовании 
PDEмоделей транспортных систем конвейерного типа 
и энергосберегающих алгоритмов управления такими 
системами.

Практическая значимость. Состоит в том, что предло
женный метод расчета параметров конвейерной линии, 
которая представляет собой динамическую распределен
ную систему, может быть использован для проектирова
ния систем оптимального управления потоковыми пара
метрами транспортных систем конвейерного типа.

Ключевые слова: конвейер, распределенная система, 
PDE-модель, поточная линия, скорость ленты
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