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Metoauka. [Tpy BeIIOITHEHNN pabOTHI HCTIOIB30BAINCH
Kak OOIIEHAYYHBIC, TaK U CHEIMAIbHBIE METOJBI HCCIIEO-
BaHWM, BKJIIOYasl HaAy4HOE 0000IIEHHE, METO bl KOMILIEKC-
HOIl OIIEHKM TEXHHYECKOTO YPOBHSI, MaTeMaTH4eCKOe MO-
JINTMPOBaHKME W arapar JIMHEHHOrO IMPOrpaMMHPOBaHMSL.
Pemienve nanHOW 3amaum OaszMpyeTcss Ha COCTaBJICHUH
i epeHIMABHOTO YPAaBHEHHUS JBHKCHHUS, JJISL Yero Obl-
JIM WCTIONB30BaHbI ypaBHeHUs Jlarpamxka BToporo pona, a
TaKKe COOTBETCTBYIOIINE BBIPKCHUS KMHETHYECKOH, I10-
TEHINAIFHOW SHEPTUH U JUCCUTIATUBHOHN (DYHKIHH.

Pe3yabrarsl. C MOMOIIBI0 MAaTEMaTHYEeCKUX pacye-
TOB B MIPOTPAMMHOM HPOJIYKTE MaTEMAaTHIECKOTO aHAJH-
3a u pacueta — “Wolfram Mathematica”, mony4eHa me-
TOJWKA PacyueTa TATOBBIX M IMHAMHUYECKUX XapaKTepH-
CTHK aBTOCaMOCBaJa B MpOLECCe NBIKSHUS MO JOpOre ¢
MIPOJIOTBHBIM YKIOHOM.
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Purpose. Study of total rotational moment components for statically unbalanced system of the “rotor — supports”
type with a bent elastic shaft.

Methodology. In this paper, theoretical approaches of classical mechanics were used to study a process of unbalanced
rigid body rotation. These approaches are based on a methodology to determine axial moments of inertia of statically un-
balanced system of the “rotor — supports” type with a rigid (non-deformable) shaft and an elastic (deformable) shatft.

Findings. The conducted researches show that a statically unbalanced rotating system of the “rotor — supports” type,
with an elastic shaft, is a system with variable moments of inertia that depend on the rotor’s rotation velocity. There-
fore, moments that impede the rotor’s rotation occur in the system. The obtained general equation of moments makes it
possible to find total rotational moment of the drive in each particular case. Total rotational moment is defined as the
sum of rotational moments needed to ensure the “rotor —supports” system’s rotation and the production process.

Originality. The equation of rotation for the “rotor — supports” deformed system, which is given in the paper, re-
flects the behavioral features of a statically unbalanced rotor with a bent elastic shaft at different rotation velocities,
such as the bent shaft’s middle line position with respect to the rotational axis, the rotor’s center of mass position with
respect to the bent shaft’s middle line and the rotational axis, and the rotor’s angle of turn around the shaft’s middle
line. The equation of total rotational moment, which is obtained in this paper, confirms and explains why the rotational
moment, with rotor’s shaft bend, exceeds the rotational moment sufficient for rotor rotation with no shaft’s bend.

Practical value. The equation of total rotational moment can be used as a master equation in computer software to
calculate required rotational moment of the drive or to process experimental results.

Key words: moment of inertia; “rotor — supports” system,; damping forces, deformed system; total rotational moment

Introduction. Various rotating assemblies and parts
are widely used in the up-to-date mining machine de-

signs. Even a small unbalance of the rotating assemblies
and parts (rotors) may lead to the occurrence of undesir-
able vibrations, which are sometimes hazardous to the
whole machine integrity. Hazardous vibrations cause in-
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creased wear of the machine parts, power consumption
boost, drive power reduction, degradation of processing
operations accuracy, and service life shortening.

Balancing can partially eliminate vibrations of the
machines’ rotating parts and assemblies. However, in
most cases the balancing requires rotor removal. The ro-
tor removal procedure often involves significant financial
and time losses due to the machine idling. Many years’
experience of the mining machines operation shows that
even after rotor balancing, hazardous vibrations, which
are caused by service wear of the rotating assemblies and
parts, eventually occur in the machine again.

There is also an entire class of mining equipment for
which the unbalance is the result of a processing proce-
dure performed by the equipment, for example centrifu-
gal driers. Maintenance of uniform rotation of such cen-
trifuges’ rotors within a wide range of operating veloci-
ties is an urgent practical task.

Unbalanced rotor’s rotational dynamics is suggested to
be reviewed in the following sequence: rotation of statically
unbalanced rotor; rotation of rotor with moment unbalance;
and then rotation of rotor with dynamic unbalance. Such a
sequence of consideration gives a better understanding of a
physical picture and effects occurring in a rotor system
while rotating. Statically unbalanced rotor’s rotational dy-
namics is focused on in this paper, for it reflects the authors’
main ideas and approaches in the simplest way.

Analysis of earlier studies and publications. A
course on theoretical mechanics clearly states that no ro-
tational moment needs to be applied to maintain a uni-
form rotation velocity of a perfectly rigid rotor fixed in
rigid supports, center of mass and geometric center of
which coincide with rotational axis, with no external or
internal friction. And that is something entirely different
with the implementation of rotation of a rotor, elastic
shaft of which is fixed in rigid supports and center of
mass and geometric center are displaced relative to the
rotational axis as well as mutually displaced. In this case
even with no moments produced by dissipative forces, a
rotational moment needs to be applied to a rotor to main-
tain its uniform rotation velocity [1]. There are also other
equations to determine a rotational moment that main-
tains uniform rotation of a rotor with center of mass dis-
placed relative to the rotational axis, which are presented
in the works by F.M. Dimentberg and J. Kozheshnik.

Rotational moments, determined by these equations,
shall consider the action of the rotor system’s dissipative
forces. However, the dissipative forces, either as inde-
pendent terms or implicitly, are not included into rota-
tional moment equations and the rotational moment itself
in these equations is dependent on the location of center
of mass. On the other hand, the dissipative forces in theo-
retical mechanics do not depend on the location of
body’s center of mass, and are introduced to the rotation-
al moment equation as an external moment of a couple of
forces impeding body’s rotation. This couple action is
compensated by increasing the rotational moment on en-
gine’s shaft. The above-mentioned controversial facts
emphasize the existence of an issue of correct determina-
tion of the rotational moment for unbalanced rotor. Cer-
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tain components of this moment, as well as their nature,
are the subject of the research conducted. The importance
to find a solution to the issue brought up raises no
doubts, because the drive power losses due to rotor’s
considerable unbalance, as V.A. Schepetilnikov states in
his work, may be up to 36%.

Basic material. Rotational moment of balanced rotor.
It is generally known that a free rigid body rotates around
the major axis of inertia. With no external and internal
friction, this body can rotate for no matter how long, not
requiring any power supply. The rotational moment needs
to be applied to the body to change the rotation velocity.

Rotors of various machines and mechanisms are not
free bodies, since they are mounted in supports. Never-
theless, taking certain design measures may help achieve
a qualitative alignment of the rotor’s major axis of inertia
with the rotational axis. At low rotation velocities, the
alignment of the major axis of inertia with the rotor’s ro-
tational axis allows achieving the conditions similar to
those of the free body rotation. Therefore, a well-
balanced rotor uniformly rotates around the rotational ax-
is and needs no rotational moment to be applied if it is
not affected by any other forces and moments. Thus, it is
considered that if a rotor is affected by a couple of forc-
es, it rotates around its rotational axis uniformly acceler-
ated or uniformly decelerated.

Such a rotor’s rotation is described by a differential
equation of body’s rotational motion, with no external
and internal resistance forces considered

do
1?=Mkp, (1)

where [ is axial moment of inertia; @ is angular veloci-
ty of rotor’s rotation; M, is rotational moment.

Equation (1) can also be called an equation to deter-
mine the main rotational moment of balanced rotor with
a rigid shaft. External and internal friction forces, which
are often referred to as dissipative or damping forces, in
balanced rotor dynamics are considered by supplement-
ing equation (1) with an external moment of a couple of
forces, impeding body’s rotation

1My e, Q)

where ¢ is coefficient of external friction; u is coeffi-

cient of internal friction.

The action of this moment of the couple is compen-
sated by increasing a rotational moment on rotor’s shaft.
Equation (2) clearly shows that the external moment of
the couple does not depend on the location of rotor’s cen-
ter of mass relative to the rotational axis. Let’s empha-
size this important feature of all damping forces.

However, the practice shows that even a well bal-
anced rotor has residual unbalance and its major axis of
inertia does not coincide with the rotational axis. So it is
reasonable to consider the actual rotor’s rotational dy-
namics as rotation of a rigid body with unsymmetrical
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distribution of mass relative to its geometrical axis or ro-
tational axis.

If the unbalanced rotor’s shaft is rigid and mounted in
rigid supports, then such a “rotor — supports” system is a
deformable system with constant unsymmetrical location
of mass relative to the rotational axis. If the shaft is elas-
tic, then the same “rotor — supports” system is considered
a non-deformable system with variable unsymmetrical
location of mass relative to the rotational axis. Let’s re-
view the features of these systems’ rotation for the main
cases of misalignment of the major axis of inertia with
the rotational axis, with no external resistance forces and
friction forces occurring in bearing units.

Rotational moment for statically unbalanced rotor
with rigid (non-deformable) shaft. Let’s consider the ro-
tation of a rotor with mass m , a rigid and weightless shaft
of which is fixed in rigid supports. Such a rotor rotates
around geometrical axis Z that is the shaft’s middle line
coinciding with the rotational axis specified by the sup-
ports. Rotor’s static unbalance is defined by displace-
ment of rotor’s center of mass C relative to shaft’s mid-
dle line by distance e . In this case, the major axis of iner-
tia is parallel to the shaft’s middle line and the rotational
axis. Fig. 1 demonstrates the rotation pattern of the rotor
system described.

My, =
m\ F W2
=y z Jwm

Fig. 1. Rotation pattern of rotor with rigid (non-
deformable) shaft in rigid supports: M,, — rota-

tional moment; e — eccentricity;, C — center of
mass; Z — geometrical axis; @ — angular veloci-
ty of rotor’s rotation

If the major axis of inertia coincides with the rotor’s
rotational axis, then equation (1) fully determines the ro-
tational moment applied to change the rotor system’s ro-
tation velocity, with no damping forces acting. However
in our case, rotor’s center of mass C is displaced from
the rotational axis by distance e, which changes the ro-

tor’s axial moment of inertia I by valueme’, i.e.
I,=1+me’. So the balanced rotor’s axial moment of

inertia / is symmetrical relative to the shaft’s middle
line. As opposed to it, the statically unbalanced rotor’s
axial moment of inertia /, relative to the shaft’s middle

line contains additional asymmetrical part me’ that is
produced by unbalanced mass. Therefore, changing the
rotation velocity requires overcoming the statically un-
balanced rotor’s axial moment of inertia /,, which com-
prises the sum of the balanced rotor’s axial moment of

inertia / and its additional asymmetrical part me” .
Similarly to equation (2), we can assume that when
changing the statically unbalanced rotor’s rotation ve-
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locity, the presence of additional asymmetrical part me’
in its axial moment of inertia will change the rotational

moment by value me’@’ . In this case, the equation of the
statically unbalanced rotor’s rotation around the shaft’s
middle line, with no damping forces acting, will take on
the following form

(I+mez)cji—6;) —M,, -mew’ . 3)

At statically unbalanced rotor’s uniform rotation, we

have M@ —me*w’ =0 or
M, =me’e’. 4)

Equation (4) shows that, with the rotational moment
specified, the rotor’s angular velocity first increases and
later on achieves the maximum value. Then the rotational
moment is used up to maintain the rotor’s uniform rota-
tion velocity. The maximum angular velocity of rotor’s
uniform rotation, with the rotational moment specified,
can be determined using the following dependence

o = —Z. (5)

Rotational moment for statically unbalanced rotor
with elastic shaft. With no damping forces acting, let’s
consider rotation of a rotor with mass m , an elastic and
weightless shaft of which is fixed in rigid supports. The
rotor rotates around geometrical axis Z that is the
shaft’s middle line. The rotor’s static unbalance is speci-
fied by displacement of the rotor’s center of mass C
from the shaft’s middle line by distance e. Under the ac-
tion of static unbalance, the shaft is bent and the rotor is
displaced by distance a from the rotational axis speci-
fied by the supports. In this case, the major axis of inertia
is parallel to the shaft’s middle line and the rotational ax-
is. The shaft’s middle line and the rotational axis do not
coincide. Fig. 2 shows the pattern of rotation of a rotor
with a bent shaft.

My —~ T|gle ]~ z
) ____ﬂ__ ~ bz
7777 0 w Z

Fig. 2. Pattern of rotation of rotor with elastic shaft
in rigid supports: a is shaft’s bend; B is track of
shaft’s middle line in monitoring plane I — I; O is
track of rotational axis in monitoring plane I — 1

Dynamics of changing the locations of the major axis
of inertia, the shaft’s middle line, and the rotor’s rota-
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tional axis can be easily studied by their tracks in the
monitoring plane. In our case, one monitoring plane,
which goes through the rotor’s center of mass perpendic-
ular to the rotational axis, is sufficient for using. Fig. 3
presents monitoring plane I — I, where point C is a track
of the major axis of inertia, point B is a track of the
shaft’s middle line, point O is a track of the rotational
axis. In addition to axes’ tracks, Fig. 3 shows centrifugal
force action direction F,, shaft’s elastic force F,, and

rotor’s moment M, in a rotating coordinate system

XOY originating on the rotational axis.

Y

S

Fig. 3. Monitoring plan I — I and XOY coordinate sys-
tem of rotor: F, is centrifugal force; F, is shaft’s
elastic force; [ is rotor’s turn angle around
shaft’s middle line; p is center of mass dis-
placement relative to rotational axis

Dynamics of a rotor with an elastic shaft is drastically
different from that of a rotor with a rigid shaft fixed in
rigid supports. Any unbalance of the rotor makes the
shaft bent, starting from certain velocities. The shaft’s
bend makes the “rotor — supports” system become de-
formed, and its center of mass rotates around the rotor
shaft’s middle line, synchronously with the shaft’s mid-
dle line rotation around the rotational axis, at uniform ve-
locity specified. Moreover, the rotor location relative to
the rotational axis changes only if the “rotor — supports”
system’s rotation velocity changes. The “rotor — sup-
ports” system’s location is changed by forces and mo-
ments affecting the rotor.

Also, due to the rotor shaft’s bend, the “rotor — sup-
ports” deformed system becomes a system with variable
moments of inertia. Besides, this system’s moments of
inertia change not only due to the shaft’s bend but also
due to the rotor’s turn around the shaft’s middle line on
certain angle [ . As a result, the rotor’s center of mass is

located at distance o from the rotational axis (Fig. 3).

Value p is determined using the following dependence

p= \/a2 +e’ +2aecos 5 . (6)
Angle S achieves the maximum value of 180° at

supercritical velocities. A certain effect of rotor’s self-
centering occurs at that.
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Rotor’s center of mass displacement by distance p
relative to the rotational axis changes axial moment of
inertia /° of the “rotor — supports” entire system by val-
ue mp’,ie. I' =I1+mp’° (Huygens — Steiner theorem).

The “rotor — supports” system’s axial moment of inertia
can finally be presented as the following expression

I’ =1+ma’ +me’ +2maecos 5 . @)

Expression (7) shows that the shaft’s middle line dis-
placement by value a relative to the rotational axis caus-

es the occurrence of additional asymmetrical part ma’ of
rotor’s axial moment of inertia / . This asymmetrical part
of the rotor’s axial moment of inertia depends on the
shaft’s bend value at relevant rotation velocity. It exists
as long as the shaft’ bend does. Addition of 2maecos
to the rotor’s axial moment of inertia is responsible for
the rotor’s turn around the shaft’s middle line at relevant
rotation velocity.

Value ma’ +me’ determines a general asymmetrical
part of the “rotor — supports” system’s moment of inertia,
conditioned that the rotor rotates around the shaft’s mid-
dle line and the shaft’s middle line with the rotor rotate
around the rotational axis.

If changing the rotation velocity of the statically un-
balanced rotor with bent elastic shaft, the presence of ad-
ditional asymmetrical part ma’ and additional part
2maecos B in rotor’s axial moment of inertia will
change the rotational moment of the “rotor — shaft” entire
system by values ma’@w’ and 2maew’ cos [, respective-
ly. In this case, the equation of rotation of the statically
unbalanced rotor with bent elastic shaft around the
shaft’s middle line and the shaft’s middle line rotation
around the rotational axis, with no damping forces act-
ing, will take on the following form

([ +ma’ +me’ + 2maecosﬁ)d—a) =
dt (8)

=M,, —ma’ (a2 +é’ +2aecosﬂ).

At uniform rotation of the statically unbalanced rotor
with bent elastic shaft, we have

2 2 2 2 2 . .
M,, —ma”@" —me” " —2maew” cos =0, or, taking in-

to account damping forces, we have
2 2 2 9 2 2
M,, =ma" @+ me " +2maew” cos f+(c+ p)w’. (9)
At supercritical velocities, with rotor’s uniform rota-

tion, angle £ =180°. Then equation (8), with no damp-
ing forces acting, is as follows

Mkpzma)z(a—e)z. (10)
Equation (10) means that if, with unlimited increase

of velocity, difference a—e tends to zero, then the rota-
tional moment tends to zero as well.
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Components of rotational moment for statically un-
balanced rotor with elastic shaft. Let’s analyze equation
(9) obtained in the previous section for the case of uni-
form rotation of statically unbalanced rotor with bent
elastic shaft.

Rotational moment M, , applied to rotor’s shaft, is

kp >
used up first of all to maintain rotor’s center of mass ro-
tation around shaft’s middle line and compensate the ac-
tion of damping forces applied to rotor’s shaft as an ex-
ternal moment of a couple of forces. Let’s note that this
moment of a couple cannot be attributed to a moment of
force acting relative to certain point. I.e. such a moment
of a couple of forces cannot be presented as a force ap-
plied to rotor shaft’s middle line (geometrical axis). It
means that the presence of damping forces does not in-
troduce to the general force pattern shown in Figure 3 an
additional third force, balancing the action of centrifugal
force F, and shaft’s elastic force F,, which are not on

the same line and are applied to rotor’s different points.
Absence of an additional third force in the force pattern
(Fig. 3) allows us to assume that the damping forces ac-
tion is not the cause of rotor’s turn on angle £ around

shaft’s middle line. The assumption stated is confirmed
in paper [1] and in the works by J.P. Den Hartog, show-
ing that, even if not considering the damping compo-
nents, rotor’s center of mass turns around its geometrical

axis on angle 180 at supercritical velocities. It is also
well-known from the works by V.A. Schepetilnikov — the
rotor dynamics expert — that damping forces do not im-
pede the shaft’s bend value change and the rotor’s center
of mass radial displacement relative to the rotational axis.
In conclusion let’s point out the fact that F.M. Di-
mentberg in his works considers rotation of statically un-
balanced rotor, with no damping forces acting. His re-
searches are considerably different from the researches
presented in the works by J. Kozheshnik, describing the
unbalanced rotor’s dynamics, with damping forces taken
into account. However, the results of the both researches
are the same: there are no damping forces in the equa-
tions of rotation moments.

Part 2maew’ cos B of rotation moment equation (9)

is of interest for further studying. It is related to rotor
elastic shaft’s bend a, initial eccentricity e, and respon-
sible for rotor’s turn around shaft’s middle line on angle
p . If there is shaft’s bend caused by the action of cen-

trifugal force applied to center of mass, shaft’s middle
line does not coincide with the rotational axis in the rotor

attachment point. Thus, part ma’®’ equation of rota-
tional moment (9) applied to the rotor shall be used up to
ensure rotation of shaft’s middle line relative to the rota-
tional axis. However, no external forces and moments,
which would impede shaft’s middle line rotation relative
to the rotational axis, were detected during more detailed
theoretical and experimental researches of rotation pro-
cess of statically unbalanced rotor with elastic shaft’s
bend. The moment, impeding the rotor shaft’s middle
line rotation relative to the rotational axis, is obviously of
internal nature and related to the change of the “rotor —
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supports” deformed system’s axial moment of inertia.
This moment can be presented as force F, applied to the
rotor shaft’s middle line (geometrical axis) and acting on
arm g around the rotational axis.

The above-stated assumption allows introducing to
the general pattern of forces shown in Fig. 4 an addition-
al third force balancing the action of centrifugal force F,

and shaft’s elastic force F‘ .

Y

—

2
s

~

Fig. 4. General pattern of forces acting on statically
unbalanced rotor with bent elastic shaft: F, is ad-

ditional force; F

c

is centrifugal force; F, is
shaft’s elastic force; [ is rotor’s turn angle
around shaft’s middle line; p is center of mass
displacement relative to rotational axis

The force F, prevents rotation of shaft’s middle line

together with rotor around rotational axis.

Conclusions. The researches conducted show that the
“rotor — supports” deformed system with an elastic shaft
is a system with variable moments of inertia depending
on rotor’s rotation velocity. Therefore, moments imped-
ing the rotor’s rotation occur in the system. The equation
obtained allows finding total rotational moment of the
drive in each particular case. Total rotational moment is
defined as the sum of rotational moments needed to en-
sure the rotor’s rotation and the production cycle imple-
mentation. The research results can be used to design
machines and mechanisms.

Comparative analysis with V.A. Schepetilnikov’s ex-
perimental data, showing significant losses of the drive’s
power, confirms the correctness of the research conduct-
ed. The equation obtained confirms and explains why the
rotational moment M, , with rotor shaft’s bend, exceeds

the rotational moment sufficient for rotor rotation with
no shaft’s bend.

The equation, which considers the action of friction
forces in bearing units and aecrodynamic drag forces, can
be used as a master equation in computer software to cal-
culate required rotational moment of the drive or to pro-
cess experimental results. When using Volterra principle
and a concept of complex form of non-elastic resistances
accounting [2], the equation (9) obtained is applicable for
solution of issues in the area of elastic systems’ oscilla-
tions with considerable asymmetry.
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Mera. JlocmimkeHHs CKIIaJJOBUX YaCTHH ITOBHOTO 00ep-
TAFOYOr0 MOMEHTY [UISl CTATHYHO HEBPIBHOBA)KCHOI CHCTE-
MH THITY ,,pOTOP — OMOPHU‘* 3 IPYKHUM BUTHYTHM BaJIOM.

Metoauka. Y poOOTI 3aCTOCOBYBaINCS TEOPETHYHI
MiAXOMU KJIACHYHOI MEXaHIKH II0J0 MOCTIKCHHS IpO-
1ecy oOepTaHHS HEBPIBHOBA)KEHOTO TBEPAOro Tiia. B
OCHOBI IMX MIAXOMIB JICKUTh METOIWKA BHU3HAYCHHS
OCBOBHX MOMECHTIB IHEpIlii CTATHYHO HEBPiBHOBa)KCHUX
00epTOBHUX CHUCTEM THIY ,,pOTOP—OTIOPH™ 3 TBEpAUM (He-
ne(pOpPMOBAaHIM) BaloM 1 TPYXHUM (IehOpMOBaHUM)
BaJIOM.

PesyabraT. IIpoBemeHi MOCHTIMHKEHHS IMOKA3yIOTh,
IO CTaTHYHO HEBPIBHOBa)KeHa 00EpTOBA CHCTEMa THILY
,»POTOpP — OMOPH*, KOTPa Mae MPY>KHUI Bal, € CHCTEMOIO
31 3SMIHHUMHA MOMEHTaMH 1HepIIii, 10 3a1eKaTh BiJl IIBU-
IKocTi oOepTraHHSA poTopa. BimmoBinHO, y mild cucTeMi
BHHUKAIOTh MOMCHTH, HEPEIIKOIKAI09i 00CPTaHHIO PO-
Topa. OTpuMaHe 3arajbHE PiBHIHHSI MOMEHTIB TO3BOJISIE
BH3HAYHTH MMOBHUIA 00EpTarOUMii MOMEHT IPUBOAY B KO-
JKHOMY KOHKpETHOMY BHIaAKy. [loBHHI oOepraroumii
MOMEHT BH3HAYa€THCS K CyMa 0OepTaloYMX MOMEHTIB,
HEOOX1THUX TSI 3a0e3MedeHHs] 00epTaHHs CUCTEMH ,,pO-
TOp — OTMOPHU* Ta BUKOHAHHS BUPOOHUYOTO TIPOIIECY.

HaykxoBa noBu3Ha. HaBeneHe B poOOTI piBHSIHHS
obepTaHHs ISl 1e()OPMOBAHOI CHCTEMH ,,pOTOP—ONOPHU*
BiToOpaxkae 0COOHMBOCTI MOBEJIHKH CTATHYHO HEBPIiB-
HOB2)XEHOTO POTOpA 3 BUTHYTUM IPYXXHUM BaJIOM Ha pi-
3HHUX IIBUAKOCTIX OOEpTaHHA, a caMe MOJIOXKEHHS cepe-
JTHBOI JIiHI1 BUTHYTOTO BaJia IOJI0 Oci 00epTaHHSA, OO~
JKeHHS IEHTPY Mac poTopa 100 CeperHboi JIiHil BUTHY-
TOTO Bajia Ta oCi 00epTaHHs, KyT pO3BOPOTY pPOTOpa Ha-
BKOJIO cepelHbo]1 JIiHii Basa. PiBHSHHS MOBHOro o0epTa-
I040r0 MOMEHTY, OTpUMaHe B jaaHiii poOoTi, miaTBep-
JUKYE Ta IOSICHIOE MEPEBUIIEHHS 00epPTaloyoro MOMEHTY
IIpU BUTHMHI BaJla pOTOpa HaJl 00epTalouuM MOMEHTOM,
JOCTaTHIM JUII OOepTaHHA pPOTOpa MPH BiCYTHOCTI IpoO-
THHY Baja.

IpakTuyHa 3HaYnMicTh. PiBHSHHS TOBHOTO 00€p-
TAI0Y0T0 MOMEHTY MOXHa BHUKOPHCTOBYBATH B SKOCTI
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KEepyIo4Yoro PIiBHAHHS B KOMII IOTEPHHX IpOTpamax JUIsd
PO3paxyHKiB MOTPiOHOTO 00EPTAFOIOTO MOMEHTY PUBO-
Iy a00 00pOOKH pe3ybTaTiB eKCIEPHMEHTIB.

KuouoBi  ciaoBa:  momenm  imepyii, cucmema
., pomop—onopu “, cuiu OeMn@ipysanus, 0ephopmosana
cucmema, NOGHUL 00ePMAaoyull MOMeHMm

Ilean. MccnenoBanne cOCTaBISIONINX YacTeH MOJIHO-
r0 BpaIlAIOLIEro MOMEHTa I CTaTUYECKU HEYpaBHOBE-
IIEHHOW CHCTEMBI THIIA ,,pOTOP — OHOPBI“ C YIPYTrUM
HU30THYTBIM BaJIOM.

Metoauka. B paboTe NMpUMEHSIIUCh TEOPETHUECKUE
MOAXOJbl KJIACCHUYECKOM MEXAHUKU Ul U3Y4YEHUs IpO-
1[ecca BpallleHUs1 HeypaBHOBEIIEHHOIO TBEpAOro Tena. B
OCHOBE 3THX MOJXOJOB JIGKUT METOAUKA ONpe/eIeHUs
OCEBBIX MOMEHTOB HHEPIUM CTAaTUYECKH HEypaBHOBE-
IIEHHBIX BPAlIAOIIUXCS CUCTEM THUIA ,,pOTOP—OMOPHI‘ C
KECTKHM (HeneOopMHUPYEMBbIM) BaJlOM M yNpyrum (zae-
(hopMUpPyEMBIM) BaJIOM.

Pesyabrarbl. [lpoBeneHHbIE HcCIeAOBaHUS IOKa-
3BIBAlOT, YTO CTATUYECKH HEYPAaBHOBEIIECHHAs Bpalla-
oIascsi CUCTEMA TUMA ,,pOTOP—OMOPHI, HMeroLas
YOPYTUH Baj, SIBISIETCS CUCTEMOM C MEPEMEHHBIMU MO-
MEHTAaMH HWHEPLMH, KOTOPbIE 3aBUCAT OT CKOPOCTH
BpamieHus portopa. COOTBETCTBEHHO, B 3TOH cHucTeMe
BO3HHUKAIOT MOMEHTHI, MPENATCTBYIOIINE BPALCHHUIO
potopa. IlomyueHHoe oOIIee ypaBHEHHE MOMEHTOB
1103BOJIACT ONPEJEIUTh IOJIHBIMA BpPAIIAOINANA MOMEHT
NIPUBOJA B KaXKJOM KOHKpeTHOM cirydae. ITonHbli Bpa-
A0 MOMEHT OINpeieNseTcs Kak cyMMa Bpaliaro-
OIMX MOMEHTOB, HEOOXOIMMBIX Ui oOecredeHus Bpa-
LIEHUSI CUCTEMBI ,,pOTOP—OIMOPHI" W BBIIOJHEHUS MPO-
HU3BOACTBEHHOrO IpoLecca.

Hayuynas noBu3Ha. [IpuBeneHHoe B paboTe ypas-
HEHUE BpameHus IS JeOPMUPOBAHHOW CHUCTEMBI
,»POTOP—OMOPHI“ OTpakaeT OCOOEHHOCTU TMOBEIEHUS
CTaTMYECKH HEYpPaBHOBEIIEHHOTO POTOPa C M30THYTHIM
YOPYTHUM BaJIOM Ha Pa3iIMYHBIX CKOPOCTAX BpAICHUS, a
HMEHHO: TIOJIOKEHHE CpeJHEeH JIMHUM HM30THYTOrO BaJa
OTHOCHUTEIFHO OCH BpallleHHUs, OJOKEHUE IICHTpa Macc
pOTOpa OTHOCHUTEIBHO CPEIHEH TUHIHI U30THYTOTO Basia
U OCH BpalleHUs, Yyroji pa3BopoTa poTopa BOKPYT cpell-
Hel JIMHMM Baja. YpaBHEHHE IOJHOTO BpAILAOILETO
MOMEHTa, MOJYyYeHHOE B JaHHOW paboTe, MoATBEpKIa-
€T M OOBSICHACT NPEBBINICHNE BPAIalOIEro MOMEHTA
pu u3rube Baja poTopa HaJ BPAIAIOIUM MOMEHTOM,
JIOCTaTOYHBIM Ul BpPAIlEHHUsS pOTOpa IPU OTCYTCTBUM
nporuba Bana.

IlpakTHyeckass 3HAYUMOCTb. YPaBHEHUE IOJHOTO
BpAIAIOIIEr0 MOMEHTA MOXKHO UCIOJIb30BaTh B KAUECTBE
YHPaBISIOLIETO YPaBHEHHSI B KOMIIBIOTEPHBIX MpOTrpaM-
Max Juis pacdera HeoOXOAMMOro Bpallaioniero MoOMeHTa
MIPUBOJIA WK 00pabOTKH Pe3yIbTaTOB IKCIIEPUMEHTOB.

KualoueBble cioBa: momenm uHepyuu, cucmema
,,POmMop—onopel *, cuivl demnguposarnus, dedopmupo-
8AHHAS CUCMEMA, NONHBIL 8PAUAIOUULL MOMEHM
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