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Purpose. A method for constructing a deficit-having model of exchange based on the Markov chain theory for
continuous processes with an external management is demonstrated. The results of the continuous and discrete mod-
els are identical at the moments of time proportional to the time step of discrete process.

Methodology. The Markov Chain theory, method of Z — transformation are used for determining vectors of the
supply and demand between those taking part in the exchange processes. The intensity matrices are defined from
transformation of logarithmic function of corresponding transition matrices into polynomials. This is done with help
of the Cayley-Hamilton theorem.

Findings. The developed deficit-having model of exchange is investigated. The method of constructing a deficit-
having model of exchange is demonstrated on the example. The discrete model is used for constructing the continu-
ous model. The vectors of the supply and demand in the exchange process are determined.

Originality. Previously the method for constructing a deficit-having model of exchange on the basis of the Markov
Chain theory for continuous processes with an external management was presented briefly without examples. On the
example of three partners of exchange process the transition from the deficit-free model to the deficit-having one is
shown.

Practical value. The continuous model can be used in different economic systems for studying and planning ex-
change processes. Such systems can be exemplified by a linear model of international trade, money and commodity
streams between the performers of regional budgetary projects. The developed model of exchange allows us to analyse
separately the supply and demand between partners, to determine the balance of the exchange process, and increases
the management level. At further development the built model of exchange can be used for the queuing systems with
an external management.
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Introduction. The economic development of nations,
their interactions, lead to continuous production.The
distribution and exchange of goods (consumer goods, re-
sources, capital, workforce, material, industrial products
etc.) are the important constituent of economic integra-
tion processes.

Due to this, models of exchange in economics (as
well as their development) are always of great interest
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both for the discrete and for continuous planning (dis-
crete and continuous processes).

One of approaches to study the exchange processes
was developed based on the mathematical theory of ran-
dom processes-Markov chains (see the monographs of
Howard R.A., Kemeny J. G. and Snell J. L., Zhlukten-
ko, Begun [1], Sokolov and Chistyakov [2], Kuznichen-
ko, Lapshyn and Stetsenko.

It gives us possibilities not only to determine the
equilibrium states of systems, but also to study the dy-
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namics of the discrete transition from the initial state to
the equilibrium state.

The deficit-free and deficit-having models both
without and with external management, which were
based on the Markov chain theory, were developed and
used only for discrete processes. In the deficit-having
model the processes of the “supply” and “demand” ele-
ments of the exchange process are examined separately.

Objectives of the article. The goal of the present article
is the demonstration of the deficit-having model of ex-
change for continuous processes with external manage-
ment developed by the authors, which would generalize
the discrete model and the deficit continuous model.

Originality of the research. A generalized continuous
model without an external management, which takes
into account both deficit-free and deficit-having cases,
was analysed by the authors of the present article
Kostenko, Kuznichenko, Lapshyn (2014), in addition a
deficit-free continuous model with control was consid-
ered in [3] (without determination of an external man-
agement — the vectors of the administrative redistribu-
tion of the resources). A method for constructing a def-
icit-having model for continuous processes with exter-
nal control was presented briefly in [4].

Presentation of the main research. The necessary co-
ndition for the construction of the continuous model
involves its transition to the discrete model at the mo-
ments of time proportional to the time step of the dis-
crete process.

In order to determine the proper way to approach the
creation of the continuous model with management
(that fulfils the necessary conditions), let us first analyse
the discrete model developed by the authors Kostenko,
Kuznichenko, and Lapshyn (2014).

The deficit-having discrete model with control is de-
scribed with the following model recurrence equations
with the matrices L, i=1.2 of transition probabilities
for the ergodic Markov chains (supply and demand) and
has the following form

ri(n+)=ri(n)L, + f;,--n=0,12,..,i=12, (1)
where ri(n)=g(n) is the demand budget distribution
vector between the m members of the system after the nth
step, r,(n)= p(n) is the supply budget distribution vec-
tor between the m members of the system after the nth
step and f; =(f;, /555 /) are the vectors of the ad-
ministrati\;s: redistribution (evening-out) of their re-

sources ( Z S =0).

k=1 .
We will call the matrix L =B B, the demand ma-

trix, while the matrix L, :BZBI' is called the supply

2 1 2
555
(1-er) ' =1 {2 1 2, 1
Voo1-25 55 1-%)
2 1 2 16
555 B
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matrix. The transposed stochastic matrix Bl' is the

“transition matrix” from the demand vector g to the
supply vector p . The stochastic matrix B, is the “tran-
sition matrix” from the supply vector p to the demand
vector ¢q .

In order to fully define the Markov chain, it is neces-
sary to state the initial distribution of the random value
as well_(the vector of initial distribution of exchanged
goods r(0) = p(0) = ¢(0)).

Let us analyse the created model by looking at an ex-
ample: the exchange process between three members in
a deficit-having case (Table).

In order to study the behaviour of the Markov chain
analytically (while taking into account the external con-
trol) until the transition into a stationary state, let us
apply the method for the z transformation to the equa-
tion (1), taking r,(n)<-— R,(z) .

The matrix L, and L, are obtained from Table

31 1) (3 1 1) (27 13 3
8 2 8|8 8 2| |64 64 8
-pp /L L L1 L 11 113 7 34
2270 2 412 4 4] 132 32 87
11 1|1 1 1 3 3 7
2 4 4)(4 4 2) 18 16 16
31 1) (3 1 1 27 3 13
8 8 2|8 2 8| |64 8 64
;. _pp-| L L 1t 11113 7 3
220 4 4014 2 4 8 16 16
11 1]]1 11 13 3 7
4 4 2)\2 4 4) |32 8 3R

Let us construct the matrix (/ — zL,) for the demand
matrix L, = BB,

NEV N
64 64 8
13z 7z 3z

J—zL)=| -8 2 2

(7=2L,) 30 328
3z 3% Tz
g 6 16

The determinant of this matrix is equal to
A=det(T -zL) = (1- )1 -1 -2
! 167 64"

Meanwhile, the inverse matrix has the following form

4 2 2 L
15 15 5 303

4 2 2/ 1 |2 2
= = 2l = Z ool
15 15 57 23 3

2 13 647/ 000
5 5 5
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Table
Distribution of deficit-having exchange between three members
S S, S; Sum
S, 270 90 360 x| 720
S, 360 180 180 X, 720
S; 90 90 180 X3 360
Sum ! b, X3 D = 1800
720 360 720

Putting what we have found into (1) ati= 1, we see

that R (z)=(r(0)+ e

+h

q(n)=q(0)+

)fl)(l L)

NN LN |

16
+—(1-
15(

DN | »n| o
WnN|— n|—= n|—
N L Ln|

NN LN »n|

1
16

i

p

NG|-‘> G|-’>

where ;(O) is the vector of initial budget distribution.

Let us recall that in order to prevent the demand
process from diverging, the following condition is re-
quired to be satisfied for the components of the vector

h=Uphahs)

Jutfatfiz=0

into the equation (2) instead of q(n) and solve the sys-

tem (2, 3)at n—>©

111
333
64

225
64

225
32
75

2
=G

1
5
3

225

32

225

16

155
fu+ i+ hy=0

2

§)+(f11,fl2,f13)><
(32) [ 64 64
75 189 189
0| | s s
75 189 189
E 0 0
25

Solving this system, we find the vector J_‘1

fi=

(__

325 3,
192°192° 48

(3)

In order to determine the form of the control vector

f1 when planning the hmlt state of the demand vector

111
as, for instance, ¢* =(=,=,=), we must put this vector
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Let us apply the inverse transformation to R,(z)
and find the analytic solution to the demand equation

N|w | |

Following procedures for determination

wnlw un|N

64
63

~
—
|

=) (=)

(=]

O W[ W|m—

obtain the following expression for p(n)

2

5

- = ]2

p(n)= p(0) 3

2

5

1
+ —_—
[64
(221
5 55
— 12 2 1
+ p— — —
A -
221
(555
+6—4(1—

63

21 4
5 5 | 1s
2 1 f1)).2
5 5| (16 5
21 4
55 15
1
n 3 3
j 0 0 ofl+
2o 2
3 3
15
16 1Y ] 2
(- _z
15( [16) ) 5
15
L |
AR 3
[EZJ Yy 0 0 0
2o, 2
3 3

(2)

g(n) we

N[N LW |

119




EKOHOMIKA TA YNPABJIIHHA

where ;(0) is the vector of initial budget distribution.

O

111, 222
Eg,g)z(g,g §)+(f21’f227f23)

we find the vector

/72 (r"=(,

111
5 533))3
— 13 3 25
= 192" 487192

Now we can describe a continuous-in-time Markov
process with a transition intensity matrix A4,/ =1.2 with
components a;, the diagonal elements of which must be
specified additionally (the sum of the components in
each row of the matrix 4 must be equal to zero).

The continuous deficit-having model is described by

the system of linear differential equations

d— - - .
Er,-(t)ﬂ,-(t)A,- +&, =12 (5)

Here I, —e (or, equivalently, 4, = In L;), while
tge following condition is fulfilled for the vector
8 =(81>8-81) &1 T8, +87=0.Asitis shown, the
control vectors in the deficit-free and deficit-having
models are different [3, 4]. Usmg the Laplace transform

in (5) r(t) were found with g; = f Vectors r(t) did

not coincide with rl.(n) (n=t;(2,4)).
The intensity matrix A4, is found using the standard

64

225

2
75

64

&5
S+l +153=0

Solving this system

o | [, e
16 16 189 189
2—5 —% + 0 0 0
I
75 225 189 189 ]

All of the roots of the characteristic polynomial are
simple. Therefore, the characteristic polynomial is the
same as the minimal nullifying w(4)=A, (1). The
spectrum of the matrix L;, which we will call /1

equal to
W ER)

The function f{1) =In(A) is defined on the spectrum
of the matrix L,. If the function f{1) is defined on the
spectrum of the matrix L, and g(4) is any polynomial
that coincides with f{A) on the spectrum of the matrix L,
(asin, f(A, ) g(A, ) ), then by definition we have the
following

11
64’16’

ALy) = g(Ly).

This polynomial can be obtained by a variety of
methods. In our case, the polynomial g(4) of the lowest
order, that is uniquely defined on the spectrum of the
matrix L, has the following form

g =cA?+bi+a.

Let us compose the following system of linear alge-
braic equations

methods based on the Hamilton-Kelly theorem and its _ .
derivatives (see the monograph by Gandmakher [5]). f(l) =8)=0=a+b+c
The characteristic polynomial of the matrix L, has the f( ) g( ) 41n(—) a+ ﬂ <
following form 16 256
1 b c
— —)=6In(=)=a+—
27 3 13 i ) g( )= O = 1006
2 2 ki
24 87 634 We solve the system of linear algebraic equations and
A, (D)= -1 = = find the unknown coefficients
I 8 16 16
13 3 7 704 320 4096
32 8 32 105 In( ) 7 In( ) 105 ( )
=—(A-1( _L)( 2 _L) ) Knowing the coefficients a, b and ¢, we can find the
16 64 matrix A,
46 22 8 46 228
15 15 5 15 15 5
704 320 4096 , _44 68 8 1 4 68 8
A =In(L, —I——L L —)= — —|In(wv)=| — — |In(2
(L) =( 7 ! ( ) 1515 5 (2) 15 15 5 @
8 4 12 8§ 4 12
5 5 5 5 5 5
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The intensity matrix A4, is found in an analogous way

704 320
A =In(L,)=(—1 -2
» =In(L,) (105 7 2

4096 ,. . 1
+—I2)In(=) =
105 2) (z)

From (5) (g_i:ZXi, Z(t):;l.(n),~n=t) the ma-

212) (4 2
5 5 5 15 15
X2 L z2[e s 2
5 5 5| 15|15 15
212 |21
5 5 5 5
221} (4 2
5 5 5 15 5
PO E R |
5 5 51 15 5 5
221 |4 2
5 5 5 15 5

Therefore, the control vectors in the continuous and
discrete models are different. The proposed method al-
lows us to determine one vector through the other, and
facilitates the transition from the continuous model to
the discrete model for a given exchange process.

Conclusions. A deficit-having exchange model for
continuous processes with external control is demon-
strated. The results of the continuous and discrete mod-
els are identical at the moments of time proportional to
the time step of discrete process.

For planning the exchange processes the discrete
model can be used. The deficit-having continuous mod-
el which can be constructed based on the discrete model
separates the processes of the “supply” and “demand”
elements and increases the management level.

Therefore, the exchange model we have constructed
for continuous processes with external control allows us
not only to study, but also to correct (through a collegial
organ) the interaction of partners while executing inter-
national trade agreements or regional projects (and ex-
change processes in other closed systems) for the duration
of the entire process, as well as to obtain information re-
garding the state of the system at any moment in time.

At further development the built model of exchange
can be used for the queuing systems with external control.
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Mera. I[1IponemMoHcTpyBaT MeTO 11OOYI0BU nedi-
LIMTHOT Mojeai oOMiHy Ha OCHOBi Teopil JaHILIora
MapxkoBa a5l 6e3nepepBHUX MPOLIECIB i3 30BHILLIHIM
VIIPaBIiHHAM, JJIS1 SIKUX pe3yJibTaTu Oe3MepepBHUX i
THUCKPETHUX MOJIeJIel OMHAKOBI B MOMEHTH Yacy, Mpo-
MOPLiliHI YaCOBOMY KPOKY IUCKPETHOTO IPOLIECY.

Meromuka. Teopis naHmoriB MapkoBa, MeTon
Z-TIepeTBOPEHHSI BUKOPHUCTOBYIOTHCS IUIST BU3HAUCH-
HSI BEKTOPIB CTaHiB MOMUTY i MPOMO3ULLii MK TUMM,
XTO Oepe yJacTh y Ipoleci ooMiHy. MaTpuili iHTeHCUB-
HOCTi BU3HAYalOThCS 3 MEPETBOPEHHS JTOTapUPMidyHOT
(YHKIIIT BiAMOBIAHUX MaTPUIb MIEPEXOAY B TTOJiIHOMH.
Lle poOutbcst 3a momomorow TeopeMu [aminbroHa-
Keni.

Pe3ynbTaTu. JlocaimkeHa nediluTHa MOJEIb OOMi-
Hy. Ha npuknazai mponeMOHCTPOBaHO METOI PO3POOKU
nediuuTHOI Monesii oOMiHy. JIMcKpeTHa Moneb BUKO-
PUCTOBYETHCS [IJIsI TOOYI0BY HeTlepepBHOI MojeJi. Bu-
3HAYEHI BEKTOPU CTaHIB MOIMUTY i MPOMO3ULIil y Mpo-
1eci oOMiHy.

Hayxosa HoBu3Ha. PaHiilie MeToa moOynoBu neditur-
HOi MozeJli 0OMiHY Ha OCHOBI Teopil JlaHLioriB MapkoBa
JIJ1s1 6e3TMepepBHUX MPOLECIB i3 30BHIIIIHIM YITpaBAiHHIM
OyB KOpPOTKO MpeAcTaBieHuit 6e3 npukianis. Ha npu-
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KJ1adi TphOX IMApTHEPIB OOMIHHOIO MPOILECY MOKa3aHO
niepexiz Bix 6e3nediunuTHOIL 10 neillnTHOI MOJIETI.

IIpakTnyna 3HauuMMicTh. besnepepBHa Moiesb MOXe
OyTH BUKOpPUCTAHA B Pi3HUX €KOHOMIYHMX CHUCTeMax
IJI JTOCHiIKEHHS ¥ TUIaHyBaHHSI MPOIIECiB OOMiHY.
[MpuknagoM Takux CUCTEM MOXYTh OyTM JiiHiliHa MO-
JieJb MiXKHApOIHOI TOPriBJi, MOJEIb IPOLIOBUX i TO-
BapHUX MOTOKIB Mi*k BAKOHABUSMU PEeTiOHAJIbHUX O10-
JDKETHUX TpoeKTiB. Po3pobieHa Moaenb OOMiHY MO-
3BOJISIE aHATI3yBaTU OKPEMO ITOMUT i MPOIMO3ULIiT MixX
napTHepaMuy, BU3HAYUTU OajlaHC Mpolecy oOMiHy, a
TaKOX IMiBUIILLYE piBeHb yrpaBiaiHHs. [Tpu noganpiino-
MY PO3BUTKY MOOYAOBaHa MOJEIb OOMiHY MOXe OyTU
BUKOPUCTaHA JIJII CUCTEM MaCcOBOTO OOCIIyTOBYBaHHS 3
30BHIIIHIM YIIPaBIIiHHSIM.

Kmouosi cioBa: modens 06miny, besnepepsri npoye-
cu, 306HIUHE ynpasainus, ranuytoe Mapkosa

Heab. [IponeMoHCTpUpOBaTh METOA MOCTPOSHUS
nedUIIMTHON MOoJe I OOMeHa Ha OCHOBE TEOPUM LIETTH
MapkoBa 11 HeTIPePbIBHBIX MPOIECCOB ¢ BHEITHUM
yIpaBJIeHUEeM, JUIST KOTOPBIX Pe3yJIbTaThl HETpPephbIB-
HBIX ¥ TUCKPETHBIX MOJEIeit OMMHAKOBEI B MOMEHTBI
BpPEMEHH, TIPOITOPINOHATbLHBIC YACOBOMY IIIATy MVC-
KpEeTHOTO TIpoliecca.

Mertoauka. Teopust ueneit Mapkosa, meton Z-1Tipe-
00pa30BaHMsI UCITOIB3YIOTCS TSI OMIPEACTICHUS] BEKTO-
POB COCTOSIHMI CIIpoca U MPEIIOXKEHUST MEXIY TeMU,
KTO y4acTBYeT B Ipoliecce oOMeHa. MaTpulbl MHTEH-
CUBHOCTHU ONpPENEISIOTCS NPy peodpa3oBaHUM Jiora-
pudmMryecKoit (MYHKIIMU COOTBETCTBYIOIIMX MAaTPHIL
rnepexoja B MOJMHOMBI. DTO NEJAeTCs C TOMOIIBIO Te-
opeMbl 'amuibToHa-Kamm.
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Pesyabrartel. MccienoBana necduiitHass MOIeIb 00-
MeHa. Ha mpumepe mponeMoHCTpUpOBaH METON pa3pa-
00TKU 1e(PULIMTHOI Moaenu ooMeHa. JluckpeTHast Mo-
JIeJb UCTIONB3YeTCsl ISl TIOCTPOCHUSI HEINPEPhIBHOM
Mozenu. OnpeaeneHbl BEKTOPbl COCTOSIHUM cripoca 1
MpeIoKEeHUs B Ipoliecce oOMeHa.

Hayuynas HoBusHa. PaHee MeToa mocTpoeHus aedu-
LIMTHOI MoJeau oOMeHa Ha OCHOBE TEOpPUM Liemeit
MapkoBa IIjiT HeIPEepBIBHBIX ITPOILIECCOB C BHEITHUM
yIpaBJIcHHEM OBII TIPEACTaBIeH KPaTKo 0e3 IpuMe-
poB. Ha mpuMepe Tpex mapTHepoB OOMEHHOTO ITPOIIEC-
ca IToKa3aH mepexol OoT 6e3meUIMTHON K aeduLmT-
HOM MOOEIIN.

IIpakTnyeckas 3HaummMocTh. HernpepbiBHasi Moaeb
MOXKET OBITh UCITOJIb30BaHA B Pa3HBIX SKOHOMUYECKUX
cUCTeMax IJIsSl UCCJIeNOBaHUs U TUIAHUPOBAHUS TPO-
1eccoB ooMeHa. [TpuMepoM Takux CUCTEM MOTYT ObITh
JIMHEeHast MOJe/Ib MEXKIYHapOIHOM TOPrOBJIU, MOJETb
JIEHEXKHBIX ¥ TOBAPHBIX TTOTOKOB MEXKIY MCTIOJTHUTEIISI -
MU pervoHajbHbIX OIOJIXETHBIX MpoeKToB. Pa3pabo-
TaHHas MoJieJib OOMeHa MO3BOoJIsIET aHAIU3UPOBATh OT-
IIEJTbHO CIIPOC M TIPEIIOKCHUST MEXKIY TapTHepaMu,
OIpeeNINTh OajaHC TIpoliecca 0OMeHa, a TaKXKe MTOBBI-
IIaeT YpOBeHb yIpaBieHus. [Ipu manbHeeM pa3Bu-
TUHM TIOCTPOCHHAS MOIEIb OOMEHa MOXKET OBITh MC-
MMOJIb30BaHa IS CCTEM MAacCOBOTO OOCTYKMBAHMUS C
BHEIITHUM YIIpaBJICHUEM.

KimoueBsie ciioBa: modeab oomena, HenpepuvigHble npo-
yeccol, 6HeulHee ynpasaetue, yens Mapkoea

Pexomendosarno do nybaikauii dokm. ¢hiz.-mam. Hayk
B. M. Kykainum. Jlama naoxodxcenus pykonucy 08.09. 16.
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