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Контроль щільності на  основі адаптивного 
алгоритму побудови шестигранної сітки

Purpose. The quality of the finite element mesh is one of the important factors which determine the precision 
and accuracy of finite element analysis. A density control based adaptive hexahedral mesh generation algorithm 
for three dimensional models is presented in this paper.

Methodology. The main idea of the adaptive grid-based mesh generation algorithm is similar to those of 
other conventional grid-based methods, but the initial grid structure is generated adaptively based on the geomet­
ric features of the solid model.

Findings. The density control based hexahedral mesh generation algorithm can accurately capture the geo­
metric features of the solid model with the least number of elements and can generate high quality of hexahedral 
element meshes.

Originality. A spatial refinement field is constructed in this paper to control the mesh size and density distri­
bution based on the geometric factors of the solid model.

Practical value. Conformal hexahedral element meshes which can capture all the geometry characters of the 
solid models and meet finite element analysis are generated. The effectiveness of the algorithm and quality of the 
mesh generation are demonstrated by using a mechanical model.

Keywords: improved grid-based method, geometric features, hexahedral mesh generation, conformal re-
finement, 27-refinement templates, mesh quality

Introduction. With the development of computer 
technology and numerical method, numerical simula­
tion methods play more and more important roles in 
the fields of science research and engineering applica­
tions. Mesh generation is the key technique in the pre-
processing part of numerical analysis software, and its 
task is to discretize the solid model into a ‘mesh’ com­
posed of a number of elements. The efficiency and ac­
curacy of numerical analysis and the reliability of soft­
ware computation are strongly dependent on the den­
sity and quality of mesh model. In three-dimensional 
numerical analysis, tetrahedron, hexahedron and a 
combination of them are usually used. Tetrahedral ele­
ment meshes have the advantage of high efficiency, 
they are easy to implement, flexible for adaptive mesh 
generation and easy to realize the mesh regeneration. 
At present, the automatic generation technology of 
tetrahedral element meshes is fully mature, and it is 
employed extensively to handle complex geometries. 
However, hexahedral element meshes have been 

proved to be superior to tetrahedron element meshes 
in terms of analysis accuracy, amount of meshes, dis­
tortion resistance and regeneration times. This turns 
hexahedra an attractive choice for the numerical anal­
ysis of three-dimensional problems.

Due to its own characteristics of finite element 
mesh, the quality of deformed mesh has a great effect 
on the accuracy of numerical analysis. A sound mesh 
generation is necessary and can significantly improve 
the accuracy and efficiency of the analysis. Up to now, 
many research studies have been done in developing 
the automatic hexahedral mesh generation algorithms 
[1−3]. There are mainly four typical approaches pro­
posed for all-hexahedral mesh generation, including 
mapping/sweeping method [4], plastering method [5], 
whisker-weaving method [6] and the grid-based meth­
od [7]. The grid-based method is relatively simple to 
implement and easy to realize the local refinement. 
Recently, with the development of the adaptive tech­
niques of mesh generation, the grid-based method has 
been modified by many researchers and used widely in 
the mesh. Unfortunately, there are no demonstrated © Xiangwei Zhang, Lili Huang, Guoqun Zhao, 2016
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methods for creating grid-based, good-quality, rea­
sonably density distributed hexahedral meshes.

Aiming at solving the problems of local refinement 
and mesh quality, this paper proposed an adaptive 
generation algorithm of the initial hexahedral element 
mesh based on the density control. The procedures of 
the adaptive hexahedral mesh generation algorithm 
are given.

Improved grid-based hexahedral mesh genera-
tion algorithm. The authors of this paper proposed 
an improved grid-based method for generating all 
hexahedral element mesh in the domain of a three-
dimensional solid model [8]. Fig. 1 shows the flow 
chart of adaptive generation for hexahedral mesh. De­
tailed explanations of the key techniques shown in the 
flow chart will be systematically presented in the fol­
lowing sections.

Solid model construction and boundary identi-
fication. A solid model which can define its geometric 
features is constructed firstly. In this paper, triangu­
lated boundary representations generated by CAD sys­
tems, as stereo lithography (STL) files, for example, 
are used. The content of STL files is the data informa­
tion of a series of triangle patches that approach the 
surfaces of three-dimensional solid model. Fig.  2 
shows the procedure of the adaptive hexahedral ele­
ment mesh generation of a mechanical CAD model. 
Fig. 2, a is the triangulation of a mechanical CAD 
model generated by UGIV.

The characteristic boundary of the solid model is 
identified through calculating the curvature of the tri­
angle facets in the STL files. Firstly, the coplanar rela­
tionship among all the triangle facets is constructed 
through calculating the angle between the normal vec­
tors of the triangle facet and those of the three other 
edge-adjacent triangle facets. All the triangle facets 
which are coplanar form a face named as SF. Then, the 

Fig. 1. Flow chart of adaptive hexahedral mesh 
generation

a b

c
d

e

f g

Fig. 2. Adaptive initial hexahedral element mesh 
generation of a mechanical CAD model:
a – triangulated solid model; b – boundary identi-
fication; c – the refined grid structure; d – the core 
mesh; e – the matched mesh; f – the filled and 
matched mesh; g – the final generated mesh
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characteristic edge is identified by judging the attribute 
of three edges of all the triangle facets in each face. If 
an edge is not shared by two adjacent triangle facets in 
the same face, it is defined as a characteristic edge 
(CL), otherwise it is a usual edge. Thirdly, the charac­
teristic node (CV) is identified based on the rule that 
the node, which is connected to three or more than 
three CL is a characteristic node. As shown in Fig. 2, b, 
the circle nodes represent the characteristic node 
(CV), the thick real line is the characteristic edge 
(CL), and the shadowed face represents the surface of 
the analysed solid model (SF).

Constructing refinement field and generating 
the refined grid structure. In order to accurately 
capture the surface features of the geometries, a curva­
ture-based criterion is usually used. Firstly, refine­
ment source points are added on the triangle facets 
where the directions of the adjacent facet’s normal 
change. If the normal of either of two of the edge-ad­
jacent triangle facets makes an angle of more than a 
given value ε, these two triangle facets are considered 
as a curve surface and source points are added on 
them. ε is a user-specified parameter to detect geo­
metrical features and is assigned as 5° in this paper. If 
the sharing edge is an internal edge and its end vertices 
are not on the boundary, the source points will be add­
ed on two end vertices. If the sharing edge is internal 
and its two end vertices are on the boundary, source 
points will be added on the sharing edge. The number 
of the source points on the sharing edge can be calcu­
lated by dividing the length of the sharing edge by the 
length of the shortest edge among all the edges of the 
two adjacent triangles. Then, element refinement 
fields are constructed according to the source point 
fields. If an element contains more than one source 
points, it will be marked as an element to be refined.

To ensure the accuracy of numerical calculation, 
the thickness-based criterion needs to be used. This 
paper supposes that there are at least three layer ele­
ments in each direction of the meshed model. From 
the point of topology, the above supposition can sim­
ply state that every straddling element must have no 
less than one vertex-adjacent interior element. Other­
wise, it is marked as an element to be refined.

The first step for the initial refined grid structure 
generation is to generate a cubic grid structure envel­
oping the solid model. Then each cub is subdivided ac­
cording to the conformal refinement templates in 
Fig. 3 until curvature-based and thickness-based crite­
rion stated above are satisfied. That is, there is not any 
element to be refined in the refinement field. The hy­
percriticism of the refinement criteria is unnecessary 
when the model is complex, because it will decrease 
the computation efficiency. As an addition, a conver­
gence criterion of the repetition based on the ratio of 
the number of the refinement elements in the element 
refinement fields to the total number of elements is 
employed. If the ratio is less than a valve value α, the 
repetition is stopped. α is usually assigned from 0 to 0.1 
and is assigned as 0.001 in this paper. To avoid creating 
low quality elements, transition elements are not re­

fined when the refinement step is more than one. 
Fig. 2, c shows the initially refined grid structure which 
completely encompasses the solid model.

Generating the core mesh. A uniformly sized or a 
locally refined hexahedral mesh system, which com­
pletely encompasses the solid model, is generated ac­
cording to the geometries of the solid model. Usually, 
there is a relatively large distance between the surface 
of the grid structure and the surface of the solid model 
due to the complexity of the geometry of the model. 
By removing all the elements in the exterior of the sol­
id model, a jagged core mesh which is well-shaped and 
near the solid boundary is generated. Fig. 2, d shows 
the jagged core mesh through eliminating the elements 
out of the solid model.

Matching the core mesh to the solid model. The 
surface of core mesh should be matched to the surface 
of the solid model. Firstly, the surfaces of the core 
mesh which can be considered as a polyhedron of 
quadrilateral faces are picked up and the normal vec­
tors of the whole nodes on surfaces are calculated. 
Then, the corresponding mesh points of the nodes on 
the surface of the core mesh are generated as the inter­
section points of the normal vectors with the model 
surface. Finally, the hexahedral elements in the sur­
face-gap are constructed by connecting all the nodes 
of the core mesh surface with their corresponding in­
tersection nodes as the unit of a quadrilateral facet. As 
shown in Fig. 2, d, the obtained corresponding points 
of point a, b, c and d are a1, b1, c1 and d1 respectively. 
The generated hexahedral element in the surface-gap 
is a-b-c-d-a1-b1-c1-d1. Fig. 2, e shows the resulting 
mesh after matching the surface of core mesh to the 
surface of the solid model.

From Fig. 2, e we can see that all the surface nodes 
of the mesh are on the surfaces of the solid model. It 
can also be seen that the CLs of the solid model are 
still not described well by the filled mesh. Fig. 2, f 
shows the mesh after finishing the surface filling and 
boundary matching.

Improving the mesh quality. The mesh quality is 
of vital importance for finite element automatic genera­
tion. Mesh quality improvement involves two main ap­
proaches, which are employed together in this paper. 
One is a smoothing operation and the other is a topo­
logical operation. Here the smoothing operation selects 

	 a0	 a	 b	 c	 d	 e	 f

Fig. 3. 27-refinement templates proposed by au-
thors [8]:
a0 – zero-refinement; a – all-refinement; b – two 
edge-sharing face-refinement; c – face-refinement; 
d – two node-sharing edge-refinement; e – edge-
refinement; f – node-refinement
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the scaled Jacobian and the condition number of the 
Jacobian matrix as the metrics to measure the mesh 
quality. It is assumed that the element is untangled, i.e. 
the scaled Jacobian value of a hexahedron must be posi­

tive. The condition number is defined as 1( ) ,T T T    
where T is the Jacobian matrix. An algebraic shape met­

ric for a hexahedron is defined as 8 ( ( ) 3)k
k

f T   

with k = 1, …, 8. The full range of a hexahedron condi­
tion number value is from 0 to +1. The hexahedron 
whose condition number value is greater than about 0.2 
represents a geometrically well-shaped element and sat­
isfies the need of finite element analysis. When the con­
dition number of a hexahedron is between 0.5 and 1, it is 
considered as a very excellent resulting mesh.

By combining the Laplacian smoothing method 
with the optimization approach which chooses the 
mesh quality metric as the objective function, the mesh 
quality is improved significantly. Although after match­
ing of all the nodes, smoothing techniques are con­
ducted to improve the mesh quality, there are still se­
verely distorted elements. This owns to the generations 
of some elements with poor quality in the geometrical 
topology, such as some elements sharing a CL with 
other elements and some elements with three nodes of 
a free facet fixed on a same CL. The quality of such 
elements is possibly out of the acceptable range of fi­
nite element analysis and cannot be improved with any 
node position smoothing. They are judged as degener­
ate elements. Because all the invalid elements exist on 
the CL of the solid model, the insertion technique and 
the collapsing technique are applied to the boundary 
elements according to their sharing CL of the solid 
model. The final mesh is obtained, as shown in Fig. 2, 
g. Fig. 4 shows the quality of the resulting mesh after 
optimization. The ratio of the elements whose Condi­
tion Number is between 1 and 2 is 95.63 %.

Discussion on the algorithm. The main idea of 
the improved grid-based mesh generation algorithm is 
similar to those of other conventional grid-based meth­
ods, but the initial grid structure is generated adaptive­
ly based on the geometric features of the solid model. 
As stated above, the first step of this algorithm is to im­
port the solid model which needs to be meshed and 

then identify the characteristic boundary of the solid 
model. Secondly, the refinement fields are constructed 
and modified according to the conformal refinement 
templates, and used as a metric to generate an initial 
grid structure which is completely superposed on the 
solid model. Thirdly, a jagged core mesh is generated 
by removing all the elements in the exterior of the solid 
model. Fourthly, all of the surface nodes of the jagged 
core mesh are matching to the surfaces of the model 
through a node projection process, and a hexahedral 
element mesh model with the boundaries matched to 
the solid model are generated. Finally, the mesh qual­
ity such as topology and shape is improved by using 
corresponding optimization techniques.

These steps are all taken automatically except the 
import process in the first step. Many studies have 
shown that the time expensed on the mesh generation 
usually takes up 80 % of the time for the whole process 
of finite element analysis. So it is necessary to find out 
the time-consumptive reason and the distribution of 
the required time for different mesh generation steps. In 
this paper, the time of the mesh generation was calcu­
lated on a Microsoft Windows XP PC with an Intel 
Pentium 3.00 GHz processor and 1.5 GB RAM. Fig. 5 
shows the ratio of the computation time in different 
steps of the mesh generation to the total computation 
time of the hexahedral element mesh generation for the 
solid model in Fig. 2. In the figure, the abscissa repre­
sents the steps of the mesh generation process, where 
numbers 1–5 represent the serial number from the first 
step to the fifth step, respectively. The ordinate indi­
cates the time ratio. It can be seen from Fig. 5, the time 
ratios for the first step and the third step are relatively 
small. The expensed time of the second step is the lon­
gest. The sum of the time of the fourth step and the fifth 
step is more than a half of the total computation time.

Conclusion. This paper presented a density con­
trol based algorithm for local refinement of hexahedral 
meshes by using the 27-refinement method. The mesh 
quality is improved significantly by combining the La­
placian smoothing method with the optimization ap­
proach which chooses the mesh quality metric as the 
objective function. The efficiency and robustness of 
the algorithm were verified by the resulting meshes. 

Fig. 4. The quality of mesh in Fig. 2, g with Condi-
tion Number metric

Fig. 5. Ratios of computation time in mesh genera-
tion steps to the total computation time for the 
solid model in Fig. 2
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The density control based hexahedral mesh generation 
algorithm improves the control ability of the element 
refinement and can generate the hexahedral meshes 
suitable for finite element analysis of three dimension­
al engineering problems.
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Мета. Якість сітки кінцевих елементів є од­
ним із важливих факторів, що визначають точ­
ність аналізу кінцевих елементів. У цій роботі 
представлено метод контролю щільності, засно­
ваний на адаптивному алгоритмі генерації шести­
гранною сітки для тримірних моделей.

Методика. Основна ідея адаптивного алго­
ритму формування регулярної сітки аналогічна 
іншим сітковим методам, але вихідна структура 
сітки конструюється адаптивно на основі геоме­
тричних характеристик твердотільної моделі.

Результати. Контроль щільності на основі ал­
горитму генерації шестигранною сітки дозволяє 
точно фіксувати геометричні особливості твердо­
тільної моделі з найменшим числом елементів і 
може генерувати високу якість сіток з шестигран­
ними елементами.

Наукова новизна. У роботі будується поле 
просторового перестроювання, щоб контролюва­
ти розмір сітки та розподіл щільності на основі 
геометричних факторів твердотільної моделі.

Практична значимість. Генеруються сітки з 
рівнокутними шестигранними елементами, що 
можуть охопити всі геометричні примітиви твер­
дотільних моделей і задовільняють аналізу мето­
дом кінцевих елементів. Ефективність алгоритму 
та якість побудови сіток продемонстровані з ви­
користанням механічної моделі.

Ключові слова: удосконалений сітковий ме-
тод, геометричні особливості, побудова шес-
тигранної сітки, конформне перестроювання, 
шаблони „перестроювання на 27 осередків“, 
якість сітки

Цель. Качество сетки конечных элементов яв­
ляется одним из важных факторов, определяющих 
точность анализа конечных элементов. В этой ра­
боте представлен метод контроля плотности, ос­
нованный на адаптивном алгоритме генерации 
шестигранной сетки для трехмерных моделей.

Методика. Основная идея адаптивного алго­
ритма формирования регулярной сетки аналогич­
на другим сеточным методам, но исходная структу­
ра сетки конструируется адаптивно на основе гео­
метрических характеристик твердотельной модели.

Результаты. Контроль плотности на основе 
алгоритма генерации шестигранной сетки позво­
ляет точно фиксировать геометрические особен­
ности твердотельной модели с наименьшим чис­
лом элементов и может генерировать высокое ка­
чество сеток с шестигранными элементами.

Научная новизна. В работе строится поле 
пространственного перестроения, чтобы контро­
лировать размер сетки и распределение плотно­
сти на основе геометрических факторов твердо­
тельной модели.

Практическая значимость. Генерируются 
сетки с равноугольными шестигранными элемен­
тами, которые могут охватить все геометрические 
примитивы твердотельных моделей и удовлетво­
ряют анализу методом конечных элементов. Эф­
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фективность алгоритма и качество построения 
сеток продемонстрированы с использованием 
механической модели.

Ключевые слова: усовершенствованный се-
точный метод, геометрические особенности, 
построение шестигранной сетки, конформное 

перестроение, шаблоны „перестроения на 
27 ячеек“, качество сетки
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Алгоритм моделювання штучної імунної 
системи з селективним оператором сааті 

та одновимірним локальним пошуком

Purpose. Development of an algorithm which implements a certain method of modelling an artificial im­
mune system for solving the task of multidimensional constrained optimization of multiextremum continuous 
functions and which provides increasing performance indicators.

Methodology. A hybrid adaptive immune algorithm is proposed. It uses an operator of clonal selection based 
on the evaluation of fitness of solutions using the method of Saaty’s hierarchy; pair adaptive crossover; the adap­
tive mutation based on polynomial and normal distribution laws; limited coordinate wise local search using the 
method the Golden section.

Findings. The use of the algorithm for multidimensional constrained optimization that simulates the behavior 
of the artificial immune system as the operator of selection is mathematically justified by the operator based on the 
method of analysis of Saaty’s hierarchies. It is proposed for the first time. Unlike any of known implementations 
of heuristic operators, it ensures a high precision and speed of the ascent up to the same level of problems.

Originality. The results show high efficiency of the proposed algorithm for optimization of standard objective 
functions used as a test on the spacial dimensions up to 100 iterations. The algorithm shows stable convergence 
and a higher speed when there is a task of training neural networks of direct distribution.

Practical value. The main advantages of the proposed algorithm lie in the fact that it remains effective with 
the growth of the of the problem; it finds not one solution, but many of them (alternatives); use much less time for 
a comparable solution. These properties allow the application of the proposed algorithm to solve multi-criteria 
multi-factor optimization problems of decision making in the processes of complex systems control.
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Introduction. A lot of engineering, social and eco­
nomic problems can be formulated as problems of op­
timization some objective functions which include 
many variables. However, in most cases there appears 
to be multimodal objective functions. The existence of 
multiple local optimums of the objective function in 
the same time with one or more global optimums is 
traditionally seen as a significant drawback. There are 
a number of methods and algorithmic techniques 
aimed at the withdrawal of the local optimums to 
achieve a single global solution.

The problem is compounded when the issue is not 
about one, but about a number of criteria and a set of 
decisions which are not dominated by each other 
among which we still trying to find a single optimum. In 
real usage there is often the need to find not a single 
optimum solution for the problem, but their families. 
Each of the resulting solutions that, in general is subop­
timal, allows us to consider several possible outcomes.

Problem definition. Metaheuristic, known as a 
method of simulation of the artificial immune system, 
provides this multivarious problem solution.

The immune algorithm (IA) offered here imitates 
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